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Theoretical descriptions of the stepping-stone model, a cornerstone of spatial population genetics,
have long overlooked diffusive noise arising from migration dynamics. We derive an exact fluctuating
hydrodynamic description of this model from microscopic rules, which we then use to demonstrate
that diffusive noise significantly alters early-time genetic demixing, which we characterize through
heterozygosity, a key measure of diversity. Combining macroscopic fluctuation theory and micro-
scopic simulations, we demonstrate that the scaling of density fluctuations in a spatial domain
displays an early-time behaviour dominated by diffusive noise. Our exact results underscore the
need for additional terms in existing continuum theories and highlight the necessity of including
diffusive noise in models of spatially structured populations.

Understanding the mechanisms that generate and
maintain genetic diversity in spatially structured popu-
lations is a fundamental problem in evolutionary biol-
ogy [1-6]. Spatial population genetics, epitomized by
the stepping-stone model [7, 8], provides a framework
to study allele dynamics across discrete demes connected
by migration. The stepping-stone model has been in-
strumental in exploring how migration and genetic drift
influence allele frequencies across discrete demes, and it
has been very successful in quantitatively capturing fixa-
tion time (the mean time for a particular allele to become
dominant) as well as genetic drift in spatially evolving
populations [8, 9]. Despite the utility of the stepping-
stone model, classical theories [1, 7] and modern contin-
uum approaches [8, 10, 11] have focused on genetic drift
and selection as well as predominantly on local demo-
graphic noise, while overlooking the stochastic fluctua-
tions arising from migration, referred to as diffusive noise.
This oversight is significant, as migration rates in natu-
ral populations can surpass birth-death rates, suggesting
that diffusive noise may substantially impact genetic di-
versity patterns.

Coarse-grained hydrodynamic descriptions, such as
the stochastic Fisher-Kolmogorov-Petrovsky-Piscounov
(sFKPP) equation [8, 10-12], provide a continuum frame-
work to study large-scale allele dynamics and have been
often used to interpret the stepping stone model. Al-
though these hydrodynamic models capture emergent
behavior, they are often derived phenomenologically or
through coarse-graining lattice models. This makes
microscopic models crucial for identifying effects that
may be overlooked in continuum approximations. Re-
cent studies [5, 8, 13, 14] have derived fluctuating hy-
drodynamic equations for similar systems but omitted
noise from particle exchanges, implicitly assuming that
reaction-driven fluctuations dominate. This gap is criti-
cal: migration rates in natural populations often exceed
birth-death rates [15-18], suggesting diffusive noise could
profoundly influence diversity and can lead to incom-
plete or inaccurate representations of genetic diversity
patterns. Notably, diffusive noise has also been shown to
significantly modify the dynamics and phase behavior in
other microscopic systems [19-23].
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FIG. 1: (a) Schematic of the one-dimensional stepping-stone
model. The lattice sites are indexed by ¢, with each site repre-
senting an island (or deme) inhabited by N individuals of two
distinct types: A (blue) and B (yellow). (b) Shows the evolu-
tion of the frequency f; = nit /N over time, indicating three
different regimes. The early-time regime features a well-mixed
phase where diffusion dominates dynamics, making diffusive
noise essential for computing observables. At intermediate
times, reaction-driven genetic demixing forms distinct allele
domains, with diffusive noise still influencing domain bound-
aries. The late-time fixation regime emerges when domain
sizes grow to match the system size, with a single allele type
present in the entire system.

In this Letter, we address this gap by deriving a fluctu-
ating hydrodynamic equation that incorporates both dif-
fusive and reaction (demographic) noise. Our approach
builds upon recent advancements in fluctuating hydrody-
namics [20, 24-26], which have successfully modeled mi-
croscopic fluctuations in systems with both diffusive and
reactive dynamics. We illustrate the significant effects of
this diffusive noise by computing the heterozygosity as
well as density fluctuations, and show how this is a much
more accurate framework for understanding microscopic
simulations as well as experiments. Crucially, we show
that the early time behavior of genetic demixing, quan-
tified by heterozygosity at the origin, is well described
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by a modified hydrodynamic equation and not by the
ubiquitously used sFKPP framework [8, 11, 27].

Stepping Stone Model: We consider a one-dimensional
stepping-stone model (see Fig. 1) consisting of a peri-
odic lattice of length [ = La, with lattice sites indexed
byi=-L/2+1,...,—1,0,1,..., L/2 and separated by a
distance a. Each site represents a deme that contains a
fixed number N of individuals belonging to two allelic
types, denoted A and B. The system evolves through
local reproduction and short-range migration processes,
which are modeled using discrete-time update rules.

At each time step, the following processes can occur:
(1) Reproduction: Two individuals are randomly selected
within a deme, and one of them reproduces while the
other is removed, maintaining the population size N at
each site fixed. Reproduction is modeled by the following
reactions [28]:

A+BE5A+4, A+BE5 B+ B, (1)

where K7 and K5 are the rates of reproduction of alleles
A and B, respectively. (2) Migration: With rate Ry, an
individual at site ¢ is exchanged with an individual from
a neighboring site ¢ + 1. This model includes stochastic
effects due to genetic drift, leading to fixation dynamics
and spatial heterogeneity in allele frequencies. The key
observable of interest is the fraction f;(7;) of allele A at
site ¢ at time step 7;, which evolves under the combined
influence of reactions and diffusion. This is defined as
fi(rj) = n#/N, where n* is the number of A alleles. The
fraction of allele B is then simply given by 1— f;(7;), since
the total number of individuals per site is conserved. Our
simulations employ the same microscopic rules, whose
details as well as additional explanations related to the
figures in the main text are provided in the Supplemental
Material [29].

Derwation of Fluctuating Hydrodynamics: To de-
rive the fluctuating hydrodynamics of the stepping-stone
model, we start from the discrete description and extend
it to a continuum framework [30-32]. The change in al-
lele frequency at site ¢ during a microscopic time step dr
is captured by the quantity J;(7;) = fi(7j41) — fi(75),
which we refer to as the microscopic current. The prob-
ability of observing a specific trajectory of frequencies
{fi(7;)} can be expressed in terms of these currents as

, (2)

P({f}) = <H6 fi(Tj11) = filmy) — (Tj))>
{7}

where the delta functions enforce the dynamical rules,
and the average is taken over all possible realizations (or
histories) of {J}. Next, using the integral representation

of the delta function, §(a — b) = flozooo 2‘17{ e—fla— b). the
probability of observing a trajectory is rewritten as a

path integral over auxiliary fields fi(Tj) as

P({f}) = / Dfes, 3)

Here, Df = HiL:/iL/2+l Hj]\/il dfi(rj) denotes the path
integral measure over the auxiliary fields at each site i
and time step 7; and the action S is given by

S=> [ﬁ(Tj) (filTj41) — fz‘(Tj))]

2%

—In H<ezqifi(7'j)g]1,(7'j)> . (4)

J

(Ta+Tr)

Eq. (4) holds for any process governed by a microscopic
stochastic rule, whereas the specific form of the second
term depends on the underlying process. This path-
integral approach provides a systematic framework to de-
rive the continuum limit. Given that the probability of
each event is known, the calculation of the average in
Eq. (4) becomes straightforward [23, 33]. The second
term of the above action has been divided into contribu-
tions from two sources, T,; and 7., which can be derived
from the microscopic rules of the stepping stone model.
The diffusive part T,; which arises from particle exchanges
between neighboring sites ¢ and ¢ + 1 is given as

- RddTZ {fi(Tj)(l — fix1(75)) (ew B 1)

,J

+ firr(m) (1 = fi(75)) (ew a 1) ] )

A similar expression for T; has been reported for the
asymmetric simple exclusion process (ASEP) [34, 35] as
well as for other related models [23, 26, 33]. The reaction
term 7., which captures birth-death processes within a
deme, is given as

1,

ar S [K film) (1 filmy) ( - 1)

]

+ Rafm) - ) (F 1)) o

We next use this form of the action to derive the contin-
uum fluctuating hydrodynamic equation for the stepping-
stone model. To do so, we perform a coarse-graining pro-
cedure. The spatial and temporal coordinates are scaled
as x = ta and t = jdr, with a,dr — 0. To ensure hy-
drodynamic scaling, the exchange rate R, is rescaled as
Rs — Ra/ a?, ensuring that diffusive noise and reaction
noise contribute equally in the hydrodynamic limit. We
expand the discrete fields f;+1(7;) and fiil(Tj) in Tay-
lor series: f(z £ a,t) ~ f(z,t) £ a0, f + %33]”, and
flx +at) ~ f(x,t) £ adof + %8%]‘2 and substitute
into the action S. Here, f(x,t) is the continuous rep-
resentation of the allele fraction. Retaining terms up to
O(a?,dr), we find that the action separates into contri-



butions from diffusion and reactions as:
1 A A Og
S = g/dwdt[fatf—deaxf@mf— ?f

a e aa Or (7)
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where Dy = Ry /N is the macroscopic diffusion constant,
while 04 = 2D4f(1 — f)/N, o, = 2D, f(1 — f)/N and
os =2S5f(1— f)/N are noise amplitudes associated with
diffusion, reaction and selection (deterministic drift) re-
spectively. In addition, D, = R,./N, R, = (K1 + K3)/2,
and S = K; — K5 represent the genetic diffusion con-
stant, neutral reaction rate, and selective advantage, re-
spectively. Next, following standard techniques [30, 36—
38], we employ a Hubbard-Stratonovich transformation
so that the quadratic terms in f are linearized by intro-
ducing Gaussian noise fields ng(z, t) (conservative) for the
o4

diffusive term % (0, )% and 5, (x,t) (non-conservative)

for the reaction term % f2. This yields the probability
of observing a history of allele frequencies as

P({f}) = / DfDnaDn, e=5. (8)

where, [D fDngDn, denotes the path integral measure

over the auxiliary fields f(:r,t), and the noise fields
na(z,t) and 7, (x,t), at each space-time point and

S = é/dxdt[fatf—fDdaif—fax (Voana)

2 2
20s 2 7 s

Performing an integral over f , we obtain

P({f}) ~ /DT)dD'r]T e_ﬁ fdfvdt(n§+n§) ~

5(8tf — D02 f — % — 0z (v/oaana) — \/tmm)
(10)

This leads to the stochastic partial differential equation:

of :Dd8§f+%f(l—f)+3x (Voaana)++/oran,, (11)

where 74 and 7, are Gaussian white noises with mean
zero and correlations given by

(ma(z1,t1)na(x2,t2)) = 0(z1 — 22)0(t1 — t2),
(M (z1,t1)0e (72, 12)) = 6(z1 — 22)0(t1 — t2),
(na(w1,t)ne(w2,t2)) = 0.

We note that Eq. (11) without the presence of the third
term is popularly known as the sSFKPP equation [8, 10—
12], which is a common model to describe the invasion of
advantageous organisms within an existing population.
To highlight the effects of diffusive noise, we focus on the
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FIG. 2: Effect of diffusive noise on spatial heterozygosity
H(xz,t): (a) and (b) display H(x,t) at different time instants.
The red circles represent data from direct Monte Carlo simu-
lations of the stepping stone model; stars indicate solutions of
Eq. (14) that include diffusive noise, and squares correspond
to solutions without this noise. (c) illustrates the time evolu-
tion of heterozygosity at the origin H (0, t) for various reaction
rates. The points are obtained from Monte Carlo simulations.
The solid and dashed lines represent solutions of Eq. (14) with
and without diffusive noise, respectively. (d) presents the
long-time decay of heterozygosity for different reaction rates,
with the time axis rescaled by the reaction rate. All curves
display the same asymptotic behavior at large times [29].

case where the selective advantage is zero, i.e., we set
the second term in Eq. (11) to zero. This allows us to
isolate and study the impact of stochastic effects due to
migration and genetic drift in detail.

Effect on Heterozygosity: To illustrate the conse-
quences of the diffusive noise, we focus on the two-
point correlation function H(x1,x2,t) = (f(z1,t)(1 —
f(za, )+ f(x2,t)(1— f(x1,t))), commonly referred to as
the average spatial heterozygosity in population genetics.
This represents the average probability that two individ-
uals at positions x7; and xo carry different alleles and
is routinely used to quantify genetic diversity [7, 8, 27].
Starting from the fluctuating hydrodynamic equation for
the frequency of the allele given in Eq. (11), we derive the
equation for H. Following previous work [8], we apply
Ito’s Lemma, and expand H to second order in ¢ f, using
the stochastic increments 0 f(x,t) = D02 f 0t + dw(x, 1),
where dw encodes the noise correlations, we have

(dw(z, t)dw (!, 1)) = (wj\f“awam, (1= )z — )]
4200 1 (e — x’)) 3t —t').

N
(13)

An analogous form of averaging arises in general



Langevin processes describing systems with diffusive
dynamics [39]. After averaging over the noise, the
deterministic terms yield Dq(d2 + 02,)H, while the
noise contributions produce: —22:¢H§(zq — z2) and
+28429, 9, [Ho(x1 — x2)] respectively. The first term
reflects reaction-driven diversity loss as seen in previous
studies [4, 8, 27|, while the second term represents a new
contribution arising from diffusive noise. The resulting
equation for the heterozygosity H(z1,x2) becomes

O H = 2D40%H — 2D,a

Hé(z) +

where x = x1 — x5. This generalizes previous equations
that did not include diffusive noise [8, 40]. Our mod-
ified equation introduces an additional term, the third
term arising uniquely from diffusive noise, which modi-
fies the spatial structure of heterozygosity. Specifically,
it suppresses diversity at the origin while enhancing it
at other spatial locations at short times. This behav-
ior is illustrated by the heterozygosity profiles shown in
Fig. 2. We observe a clear discrepancy between Monte
Carlo simulations and the theory without diffusive noise.
However, when diffusive noise is correctly accounted for,
the simulations match the theory perfectly. Previous the-
ories without diffusive noise do not capture this, lead-
ing to discrepancies in spatial profiles when R, < Ry.
This analysis shows that early genetic demixing is accu-
rately described by a hydrodynamic equation with dif-
fusive noise rather than the sFKPP equation. However,
the long-time behavior remains the same regardless of the
presence of diffusive noise (see Supplemental Material for
details [29)]).

Current Fluctuations: To further demonstrate the im-
portance of diffusive noise, we next focus on an additional
quantity, namely the fluctuations in the number of alleles
across a spatial domain. The total flux of particles Qr
across the origin up to a time 7" has become a standard
observable in diffusive systems, both in and out of equi-
librium, over the past few decades [22, 24, 41-48|. It is
most commonly used as a test of large deviations using
macroscopic fluctuation theory (MFT) [38, 42, 49-53]. In
the following, we use this quantity to determine the rela-
tive contribution of diffusive noise in the stepping-stone
model. We define the net change in allele concentration
A up to time T in half the spatial domain (which includes
contributions from both flux and reactions), also called
the integrated current:

1/2
Qr=1 / F@T) - fz.0)de.  (15)
0

a

The variance of Qr, denoted (Q%).., provides insight into
the fluctuations in allele transport within the system. To
compute this variance, we employ the MFT framework,
which facilitates the analysis of fluctuations in systems
governed by hydrodynamic equations [49]. Within the
MFT framework, the probability of observing a specific
trajectory of the system is characterized by an action

4

functional S. This action S is the same as Eq. (9) but
now biased by an extra term Aqr, i.e., S = S — Aqr.
The moment generating function for Qz, (¢*97), can be
expressed as a path integral:

@) = [ Dfpfets, (16)

where f is the conjugate field, ¢r = 01/2[f(x’,T) —
f(2',0)] da’ represents the scaled integrated current. To
evaluate this path integral, we apply a saddle-point ap-
proximation [42], leading to a set of coupled Euler-

Lagrange equations for the fields f(x,t) and f(x, t):

Ouf = Datf — 0, (0a(£)0f ) + o0 ()],

17)
o R o’ f R o f N (
0f = —paozf - 78D o, 2 - 7 o
Here, the primes denote derivatives with respect to f.
Next, we apply a standard perturbative expansion to

compute the current fluctuations [22, 42]. We expand
both fields in powers of the perturbation parameter A,
which quantifies deviations from the typical trajectory:

f=fotMi+XNfat o, f=Ai+Afateo . (18)
At linear order in A, the Euler-Lagrange equations be-
come

Oufi = Dad2f1 — Oy (Cfd(fo)aa:fl) + 0. (fo) f1,

] . (19)
O fr = —Dad> f1.

The boundary conditions are fi(x,0) = 0 (quenched

initial state) and fi(x,T) = 6O(z) [22, 24, 53|, where

O(x) = 1 for = € [0,1/2]. The homogeneous solution

for f1, backward in time (7 = T — t) can be easily found

in Fourier space to be

R i(1 = eik:?r B k)2
fl(k,T) — %6 Da(2mk)*T (20)

At leading order (A?), the variance (Q%). becomes:

) T
@)= Y [ okl 0F + ol 0]
k=—o0 0

(21)
where fi(k,t) given in Eq. (20) solves the linearized
MFT equations in Eq. (19). The predictions from the
above expression are compared with the results from di-
rect numerical simulations of the stepping-stone model in
Fig. 3, showing perfect agreement. It is straightforward
to analyze the scaling limits of the above expression: at
short times (T' < T™*) diffusive noise dominates and the
sum converges to a scaling form (Q%). ~ oaV'T /\/21 Dy,
while at long times (7" > T™*) reaction noise prevails,
yielding (Q%). ~ 0,T/8, with a crossover timescale given
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FIG. 3: The variance of the current Qr plotted against time
for different values of L. The points represent the results ob-
tained from Monte Carlo simulations, and the dashed lines are
obtained from the MFT prediction (performing the summa-
tion in Eq. (21)). (Inset) The variance is plotted in rescaled
coordinates, where the temporal coordinate is scaled as T'/ L?
and the variance is scaled as (Qr?),/L. All the curves for dif-
ferent system sizes collapse onto a single curve. For T <« T,
(Q%) ~ /T (diffusive noise dominates); whereas for T > T,
(Q3) ~ T (reaction noise), confirming the theoretical scaling.

by T* ~ 3202/(n02D4). The VT scaling is typical of
diffusive systems [41, 42| while the linear T' behavior is
typical of reactive as well as active systems [48, 54]. Inter-
estingly, the short-time behavior of current fluctuations
in the stepping stone model is the same as the symmet-
ric simple exclusion process (SSEP) [35, 38, 42, 55, 56],
since in the absence of reaction dynamics the exchange
rules are similar, however the fluctuations are reduced by
a factor of 1/N compared to the SSEP.

Conclusions: Our analysis shows that both types of
noise are essential for accurate predictions in spatially
structured populations, particularly at short times when
migration rates exceed reaction rates (Rq > R,.). This
insight extends beyond population genetics to general
reaction-diffusion systems where transport and local re-
actions coexist, such as epidemic spreading, ecological
invasions, or chemical front propagation [57-59]. While

the classical stochastic Fisher equation [4, 11, 27] and
related continuum models [8, 60] focus solely on reac-
tion noise (genetic drift), they miss initial fluctuations
when migration prevails. Our exact results demonstrate
that diffusive noise is crucial for correctly modeling early-
time genetic demixing in populations. We have provided
quantifiable observables such as heterozygosity as well
as current fluctuations, which offer a direct measure to
identify the timescales where diffusive noise is relevant.
This limitation is crucial considering experiments, where
high migration rates in microbial expansions cause rapid
allele mixing and reduce local heterozygosity. We there-
fore hope our study motivates future experimental and
numerical studies designed to investigate early-time ge-
netic diversity and density fluctuations in spatially grow-
ing populations.

There are several interesting directions for future re-
search. Our framework can be easily extended to other
reaction-diffusion systems, including two-dimensional
and heterogeneous landscapes, to study how the interplay
between different noise types shapes biodiversity pat-
terns. It still remains to be explored how diffusive noise
influences fixation times in the stepping stone model
as well as in general phase-separating populations. It
would also be interesting to study the differences between
quenched (fixed) and annealed (random) initial condi-
tions [41-43, 45, 61] in such models of population genet-
ics, which can be addressed within the MFT framework
we have developed. Finally, our results suggest that the
stochastic Fisher equation may have limitations in its
applicability to systems characterized by strong migra-
tion rates. In the absence of noise, the nonlinear equa-
tion (11) admits Fisher waves [10, 12| that propagate at a
unique speed dependent on initial conditions [62]; small
demographic noise preserves the wave nature but cor-
rects the front speed [40] in a noise-strength-dependent
manner [11, 60]. Since diffusive noise could add fur-
ther corrections, understanding how such Fisher wave-
fronts and genetic domain walls evolve under strong dif-
fusive noise could provide new insights on the roughness
and stability of interfaces in biological and chemical sys-
tems [36, 63, 64].
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Supplemental Material for
“Diffusive noise controls early stages of genetic demixing”

This document provides supplemental figures and details related to the results presented in the main text.

I. DETAILS OF NUMERICAL SOLUTION
A. Numerical integration of the heterozygosity equation

We numerically integrate the modified equation for heterozygosity, given in Eq. (14) in the main text, repeated
below

2D,a 2D4a
N N

In order to numerically integrate the above equation, we use a finite difference scheme. For the time integration,
we use the forward Euler method. Spatial derivatives involving the Laplacian are discretized using a second-order
central difference scheme. A particular challenge arises from the third term in the RHS of Eq. (22), which involves
the second derivative of the Dirac delta function. To handle this, we regularize the Dirac delta by approximating it
with a Gaussian function defined as

OH = 2D40>H — O2[H ()], (22)

Hé(z) +

T [H a2
ou(z) = MILH;C - exp (—pz”). (23)
For the central difference scheme, the standard deviation of the Gaussian, 1/4/2u, must be at least twice the spatial
discretization Ax. As u increases, Az must be refined accordingly. The time step At is chosen such that At = (Ax)?
to ensure stability of the numerical scheme. With these, Eq. (22) is approximated by

H(z,t+At) = H(x,t)+ ﬂiﬁt (H(x + Az, t)+ H(z — Az, t) — 2H(x, t))
- 2DTT(wAtH(a:, t)o(x) + % (H(J; + Ax,t)d(z + Ax)
+ H(z — Az, )8(z — Az) — 2H (x, t)5(1')). (24)

Once the solution for H(z,t) is obtained, it is averaged to filter out fluctuations below the lattice length scale a. The
coarse-grained field H(Z,t) is defined as

H(g-s,t):1 > H(z-jAwt) Az, (25)

lz—jAz|<a

where T = ia and i € (—L/2a, L/2a]. Note that a is the spacing between the lattice sites in the Monte Carlo
simulation, whereas Ax denotes the spatial discretization used in the numerical scheme. The solution given in
Eq. (25) agrees well with the Monte Carlo simulations (as evidenced by Fig. 2 in the main text).

B. Scaling solution

A scaling solution of Eq. (22) can be obtained when the spatial and temporal coordinates, as well as the parameters
of the system, are appropriately scaled. When the spatial and temporal coordinates are rescaled as 2’ — x/L and
t' — Dgt/L?, Eq. (22) remains invariant provided that the genetic drift constant D, and the parameter u of the
Gaussian function are also scaled as D}, — g—;LQ and ¢/ — pL?. Under this transformation, the equation takes the
form

O?H (2, )5 (")
ox'2 ’

OH(@',t) _ O*H('t)

57 = 5072 —AH@ t)(z")+ B

(26)
where A = 2% L and B = %% are dimensionless constants. Therefore, for a fixed value of A and B, different

N
solutions of Eq. (22) corresponding to different choices of system parameters exhibit a scaling collapse. We demonstrate
this scaling behavior in Fig. 4.
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FIG. 4: (a) Solution of Eq. (22) obtained using a finite difference method (Eq. (24)) with a spatial step size of Az = 1/2°
and a temporal step size of At = 1/2°. Simulations are performed for different values of system parameters, R, u, and L
while keeping the dimensionless constants A = 27° and B = 27! fixed. The time instant for all the plots is fixed to be
t = 2% (b) When the spatial and temporal coordinates are rescaled as &’ — x/L and t' — Dgt/L?, with the scaled time
t' = 2717 all the curves collapse onto a single universal curve. The diffusion rate for all the plots is taken to be Rq = 1.

C. Late-time behavior of heterozygosity at the origin

As discussed in the main text, the full dynamical behavior of the heterozygosity is accurately captured by Eq. (22).

In the long time limit, the effects of diffusive noise are less relevant as seen in Fig. 2(d). In this limit, Eq. (22) can be
approximated as [8]

O H = 2D0%H — wTTaH(S(:E). (27)

The exact solution of Eq. (27) has been derived previously [8] and is given by

H(0,t) = Hyerfc (, / ;) et/te, (28)

where t. = 4Dg/(Dya)? = 4D4N?/(R,a)? is the characteristic timescale. This solution predicts that for ¢ > t.:
H(0,t) ~ (t/t.)~'/2e~t/*. Therefore, when the time is scaled by R2, an asymptotic power-law decay with exponent
—1/2 is observed. This asymptotic behaviour is displayed in Fig. 5(a). However, in finite systems of size L, this
behaviour is cutoff at a finite time, as a crossover occurs when the diffusion length /Dyt exceeds L. In this case a
data collapse is achieved when time is rescaled by R, rather than R?, which reflects the well-mixed (zero-dimensional)
limit approached by small systems at late times, as shown from numerical solutions and Monte Carlo simulations in
Fig. 2(d) in the main text, as well as from numerical solutions in Fig. 5(b).

II. DETAILS OF MICROSCOPIC SIMULATIONS
A. DMonte Carlo simulation parameters

For the microscopic simulations, we use a kinetic Monte Carlo scheme [65-67]. We discretize the spatial domain
into L lattice sites, separated by a lattice constant a. Each site initially contains N/2 particles, each of type A and
type B. The dynamics involve two processes: diffusion and reaction, which occur with rates Ry and R,., respectively.
The simulation time step 6t is chosen such that (R4 + R, )dt < 1. The probabilities of a diffusion event, a reaction
event, and no event occurring during a given time step are Ryt, R.0t, and 1 — (Rq + R,.)dt, respectively.

During a microscopic step, a site is selected at random from the L sites, followed by a stochastic selection of the
event (diffusion or reaction) based on the associated probabilities. For a diffusion event, one particle from the chosen
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FIG. 5: Numerical solutions of heterozygosity at the origin plotted for various reaction rates. (a) shows the scaling behaviour
with the time axis scaled by R2. The curves for larger reaction rates (R, = 10*,10%) collapse onto a single curve that displays
a power-law decay (t71/2) over several decades as predicted in Eq. (28) before finite-size effects become significant. In (b), the
time axis is scaled by R, in order to show the behaviour beyond this finite-size timescale. The curves corresponding to smaller
reaction rates (R, = 1072, 107!, 10°) converge to the same asymptotic limit at late times, exhibiting behavior characteristic
of a zero-dimensional system. For all the plots, the system size is taken to be L = 28. The Dirac-Delta function is regularized
with p = 6. The space discretization for reaction rates R, = 1072, R, = 10717 R, = 10° is taken to be Az = 1/237 whereas for
larger reaction rates R, = 10', R, = 10% it is Az = 1/2°. The time discretization is At = Az? for all plots.

site is randomly selected and exchanged with a particle from a neighboring site. For a reaction event, two particles are
randomly drawn from the same site; one undergoes reproduction, while the other is removed. One Monte Carlo step
consists of L such updates, during which each site is expected to be updated once on average. We consider quenched
uniform initial conditions for simplicity, with f;(0) = 0.5 for all realizations.
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FIG. 6: Scaling solutions obtained from Monte Carlo simulations. The heterozygosity profile H(z,t) is plotted as a function of
distance z. (a) Multiple simulations are performed for different values of L, N, and R, so as to keep the dimensionless constants
A=27"and B=2""%in Eq. (26) fixed. The time instant corresponds to all the plots are taken to be ¢t = 27. (b) When the
spatial and temporal coordinates are rescaled as #' — z/L and t' — Ddt/LQ, with the scaled time ¢’ = 2717 all the curves
collapse onto a single universal curve, verifying the scaling solution obtained numerically in Fig. 4. The diffusive rate Rq = 1
is fixed for all the plots.

B. Parameters used for figures in the main text

In this Section, we provide numerical values of various parameters used in the figures provided in the main text.
In Fig. 1 in the main text, the reaction rates are K3 = Ky = 1 and the diffusive rate is Ry = 0.5. The system size is
taken to be L = 256, the Monte-Carlo time step is taken to be §¢ = 0.5. In Fig. 2(a) and Fig. 2(b) in the main text,
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the reaction rate R, = 0.1 and diffusion rate Ry = 0.5. The system size is L = 2°. To solve Eq. (14) in the main
text, we use a finite difference scheme (explained in Sec. I A), with the spatial and temporal discretization Az = 1/27
and At = 1/2 respectively. The Dirac delta function is regularized with u = 24. In Fig. 2(d) in the main text,
Az =1/2%, At = 1/2% and pp = 6. In Fig. 3 in the main text, the scaled reaction rate is taken to be R, = 1, diffusion
rate Ry = 1. For all figures in the main text, the lattice spacing used in the Monte Carlo simulations is a = 1, and
the number of particles per site (deme size) is N = 100.

C. Scaling solution using Monte Carlo simulations

isplays a scaling solution when space and time are rescaled as follows: ' — z/L,

As discussed in Sec. IB, Eq. (22)
=< and B = %% are held fixed. This scaling behaviour is confirmed using direct

d
t' — Dyt/L?, provided A = 2%%%
Monte Carlo simulations in Fig. 6

IIT. CONVERGENCE TESTS

The numerical solution of Eq. (22) obtained from the integration scheme in Eq. (24) converges to an asymptotic
solution in the limit as p — 0o, Az — 0, and At — 0. In the following, we validate our numerical scheme for different
times ¢ across various parameters: lattice spacing a used in the Monte Carlo simulations, deme size N, as well as the
sharpness of the delta function parametrized by p in Eq. (23). Fig. 7 demonstrates the stability of the scheme for
different values of p. The numerical results are in good agreement with Monte Carlo simulations at all times shown
in panels (a) to (d). A similar analysis is presented in Fig. 8, where the lattice spacing is set to a = 0.5, confirming
that H(x,t) also depends on the value of a as is clear from Eq. (22). Finally, in Fig. 9, we confirm the stability of the
scheme across various spatial discretizations Az used in the numerical integration.
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FIG. 7: The heterozygosity profile H(x,t) is plotted as a function of distance = for different values of u, showing good
convergence as well as agreement with the Monte Carlo simulations (MC). The lattice spacing in the Monte Carlo simulations
is set to unity (a = 1). The diffusion rate Rq = 0.5, reaction rate R, = 0.1, and time step d¢t = 1. The system size is L = 20,
For numerical integration, the spatial discretization is chosen as Az = 2% and the time discretization as At = Az?. The top
panel corresponds to deme size N = 100 and the bottom panel corresponds to N = 50.
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FIG. 8: The heterozygosity profile H(xz,t) is plotted as a function of distance z for different values of u, showing good
convergence as well as agreement with the Monte Carlo simulations (MC). In the Monte Carlo simulations, the lattice spacing
is set to @ = 1/2. The diffusion rate Ry = 0.5, reaction rate R, = 0.1, and time step &t = 1/22. The system size is L = 25. For
the finite difference method, the spatial discretization is chosen as Az = 2% and the time discretization as At = Az?. The top

panel corresponds to deme size N = 100, and the bottom panel corresponds to N = 50.
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FIG. 9: The heterozygosity profile H(z,t) is plotted as a function of distance x for different values of Az, showing good
convergence as well as agreement with the Monte Carlo simulations (MC). In the Monte Carlo simulation, the lattice spacing
is set to a = 1/2. The diffusion rate Ry = 0.5, reaction rate R, = 0.1, and time step 6t = 1/2?. The system size is L = 2°.
The time discretization in the finite difference method is chosen as At = Az?. The parameter p of the Gaussian function
appearing in Eq. (23) is set to ;1 = 48 for all the plots. The top panel corresponds to deme size N = 100, and the bottom panel
corresponds to N = 50.
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