PHYSICAL REVIEW LETTERS 137, 098401 (2026)

Diffusive Noise Controls Early Stages of Genetic Demixing

Rashmiranjan Bhutia®, Stephy Jose®, Prasad Perlekar®, and Kabir Ramola
Tata Institute of Fundamental Research, Hyderabad, 500046, India

® (Received 5 June 2025; accepted 28 July 2026; published 26 August 2026)

Theoretical descriptions of the stepping-stone model, a cornerstone of spatial population genetics, have
long overlooked diffusive noise arising from migration dynamics. We derive a fluctuating hydrodynamic
description of this model from microscopic rules, which we then use to demonstrate that diffusive noise
significantly alters early-time genetic demixing, which we characterize through heterozygosity, a key
measure of diversity. Combining macroscopic fluctuation theory and microscopic simulations, we
demonstrate that the scaling of allele-number fluctuations in a spatial domain displays an early-time
behavior dominated by diffusive noise. Our results underscore the need for additional terms in existing
continuum theories and highlight the necessity of including diffusive noise in models of spatially structured

populations.
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Understanding how genetic diversity is generated and
maintained in spatially structured populations is a funda-
mental problem in evolutionary biology [1-6]. Spatial
population genetics, epitomized by the stepping-stone model
[7,8], provides a framework to study allele dynamics across
discrete demes connected by migration and has been
successful in quantitatively capturing fixation times and
genetic drift in spatially evolving populations [8,9]. Despite
its utility, classical theories [1,7] and modern continuum
approaches [8,10,11] have emphasized drift, selection, and
local demographic noise, while largely overlooking stochas-
tic fluctuations arising from migration (diffusive noise). This
omission matters because migration rates can exceed birth-
death rates in natural populations [12—-15], making diffusive
noise potentially dominant. Coarse-grained hydrodynamic
descriptions, such as the stochastic Fisher-Kolmogorov-
Petrovsky-Piscounov (sFKPP) equation [8,10,11,16], are
often used to interpret the stepping-stone model, but are
commonly obtained phenomenologically or by coarse grain-
ing. Recent derivations of fluctuating hydrodynamics for
related systems likewise omitted diffusive noise [5,8,17,18],
implicitly assuming reaction-driven fluctuations dominate.
More broadly, diffusive noise is known to strongly modify
dynamics and phase behavior in other microscopic systems
[19-23].

In this Letter, we address this gap by deriving a
fluctuating hydrodynamic equation that incorporates both
diffusive and reaction (demographic) noise. Our approach
builds upon recent advancements in fluctuating hydro-
dynamics [20,24-26], which have successfully modeled
microscopic fluctuations in systems with both diffusive and
reactive dynamics. While reaction-diffusion descriptions
with both conservative diffusive noise and nonconservative
demographic noise have been studied [27-32], they are
typically phenomenological and assume conservative noise
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with linear density dependence. In contrast, our formu-
lation derives the noise directly from the microscopic
stepping-stone dynamics with fixed local population size,
leading to a nonlinear multiplicative noise structure that
follows from binary-allele competition together with local
particle conservation. We illustrate the significant effects of
this diffusive noise by computing the heterozygosity as
well as density fluctuations, and show how this is a much
more accurate framework for understanding microscopic
simulations as well as experiments. Crucially, we show that
the early-time behavior of genetic demixing, quantified by
heterozygosity at the origin, is well described by a modified
hydrodynamic equation and not by the ubiquitously used
SsFKPP framework [8,11,33].

Stepping-stone model—We consider a one-dimensional
stepping-stone model (see Fig. 1) consisting of a periodic
lattice of length [ = La, with lattice sites indexed by i =
-L/2+1,...,—1,0,1, ..., L/2 and separated by a distance
a. Each site represents a deme that contains a fixed number
N of individuals belonging to two allelic types, denoted A
and B. The system evolves through local reproduction and
short-range migration processes, which are modeled using
discrete-time update rules.

At each time step, the following processes can occur. The
first is reproduction, in which two individuals are randomly
selected within a deme, and one of them reproduces while
the other is removed, maintaining the population size N at
each site fixed. Reproduction is modeled by the following
reactions [34]:

K, K,
A+B—A+A,  A+B—>B+B, (1)

where K| and K, are the rates of reproduction of alleles A
and B, respectively.
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FIG. 1. (a) Schematic of the one-dimensional stepping-stone
model. Lattice sites indexed by i represent islands (demes), each
with N individuals of two types: A (blue) and B (yellow).
(b) Time evolution of the frequency f; = n?'/N shows three
regimes: an early well-mixed phase where diffusion and diffusive
noise dominate observables; an intermediate, reaction-driven
genetic demixing phase where distinct allele domains form
and diffusive noise affects domain boundaries; and a late fixation
phase, when domains reach system size and a single allele
occupies the entire system.

The second process is migration, in which, with rate
R;, an individual at site i is exchanged with an
individual from a neighboring site i+ 1. This model
includes stochastic effects due to genetic drift, leading to
fixation dynamics and spatial heterogeneity in allele
frequencies. The key observable of interest is the fraction
fi(z;) of allele A at site i at time step 7;, which evolves
under the combined influence of reactlons and diffusion.
This is defined as f;(z;) =n{/N, where n? is the
number of A alleles. The fraction of allele B is then
simply given by 1— f;(z;), since the total number of
individuals per site is conserved. We assume a fixed
number of individuals per deme, as in classical spatial
population genetics models [7], which can represent a
constant local carrying capacity set by resources or
competition. Our simulations employ the same micro-
scopic rules, whose details as well as additional explan-
ations related to the figures in the main text are provided
in Supplemental Material [35].

Derivation of fluctuating hydrodynamics—To derive the
fluctuating hydrodynamics of the stepping-stone model,
we start from the discrete description and extend it to a
continuum framework [38—40]. The change in allele
frequency at site i during a microscopic time step dr is
captured by the quantity J;(z;) = fi(7;41) — fi(7)),
which we refer to as the “microscopic current.”” The
probability of observing a specific trajectory of frequen-
cies {f;(r;)} can be expressed in terms of these
currents as

Py = { ,._j5<f,~<r,~+l>—f,~<r,~>—fi<r,~>>>m, @

where the delta functions enforce the dynamical rules,
and the average is taken over all possible realizations (or
histories) of {J}. Next, using the integral representa-
tion of the delta function, §(a —b) = [*®

A > [(d])/ (2xi)]
e /(@=b) " the probability of observing a trajectory is
rewritten as a path integral over auxiliary fields j‘,-(r ;) as

P{f}) = / Djes. 3)

Here, Df = Hf:/EL/2+l [T, dfi(z;) denotes the path
integral measure over the auxiliary fields at each site i
and time step 7; and the action S is given by

S = Z [f,
Cn [H@Zimw

J

Fileye) = (5)]

mﬁ _ ()

(Ty+T,)

Equation (4) holds for any process governed by a
microscopic stochastic rule, whereas the specific form
of the second term depends on the underlying process.
This path-integral approach provides a systematic frame-
work to derive the continuum limit. Given that the
probability of each event is known, the calculation of
the average in Eq. (4) becomes straightforward. The
second term of the above action has been divided into
contributions from two sources, 7; and T,, which can be
derived from the microscopic rules of the stepping-stone
model (see Ref. [35] for a detailed derivation). The
diffusive part 7, which arises from particle exchanges
between neighboring sites i and i+ 1, is given as

T,= Rder{ File) = fin(x)] <ef<>f<> _ 1)

ij

i =rE) (¢ )

A similar expression for 7; has been reported for the
weakly asymmetric simple exclusion process [41,42] as
well as for other related models [23,26]. The reaction
term 7,, which captures birth-death processes within a
deme, is given as
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T = dTZ{Klfi ()1 = fils))] <€"hxj> B 1)

ij

LA - 1)) ©

We next use this form of the action to derive the
continuum fluctuating hydrodynamic equation for the
stepping-stone model. To do so, we perform a coarse-
graining procedure [38]. The spatial and temporal coor-
dinates are scaled as x = ia and t = jdr, with a,dr — 0.
To ensure hydrodynamic scaling, the exchange rate R, is
rescaled as R, — R,/a?, ensuring that diffusive noise
and reaction noise contribute equally in the hydrody-
namic limit. Since the migration rate scales as R, «x a2,
migration occurs on timescales much shorter than those
associated with the evolution of the coarse-grained
density field. Rapid migration therefore induces local
equilibration across neighboring sites within a mesoscopic
region before significant reactions occur. In this limit, the
local distribution approaches a factorized product measure
across sites, with each deme characterized by a binomial
distribution conditioned on the local allele frequency,
Pgy[nf|fi(1)] = Binomial[n?; N, f;(t)]. Furthermore, since
each deme contains N individuals, the variables f; =

nd/N are themselves locally averaged quantities.
Consequently, connected nearest-neighbor correlations
are suppressed in the large-N limit, (f;fi11) =
(fi)(fis1) + O(1/N), which yields the asymptotic

factorization [(f;(z;)(1 = fin1(z))]) = file))[1 = fini(7))]
up to subleading corrections from short-range correla-
tions and spatial gradients [23,26,38,43—46]. We next
expand the discrete fields f;.(z;) and fiil(rj) in
Taylor series: f(x 4 a,t)~ f(x,t) &+ ao.f + (a*/2)d%f,
and f(x+a.1)~ f(x.1) + ad.f + (a*/2)d*f, and sub-
stitute into the action S. Here, f(x,t) is the continuous
representation of the allele fraction. Retaining terms up to
O(a?,dr), we find that the action separates into con-
tributions from diffusion and reactions as

S = l/dxdt {fd,f—i—Ddaxfaxf—ﬁ 7
a 2
_%5 1202
2047 -2 )

where D, = R,;/N is the macroscopic diffusion constant,
while o, =2D,f(1 - f)/N, o, =2D,f(1 - f)/N and
o, =2Sf(1 — f)/N are noise amplitudes associated with
diffusion, reaction, and selection (deterministic drift)
respectively. In addition, D, = R,/N, R, = (K| + K»)/2,
and S = K; — K, represent the genetic diffusion constant,
neutral reaction rate, and selective advantage, respectively.
Next, following standard techniques [38,47-49], we
employ a Hubbard-Stratonovich transformation so that

the quadratic terms in / are linearized by introducing
Gaussian noise fields 7,(x,t) (conservative) for the dif-
fusive term (o,4/2)(d.f)® and 7,(x.) (nonconservative)
for the reaction term (5,/2)f>. This yields the proba-
bility of observing a history of allele frequencies as

P(f}) = / DI DyaDn,e=S. (8)

where [ Dj‘Dnan, denotes the path integral measure

over the auxiliary fields f(x t), and the noise fields
nq(x,t) and n,(x,1), at each space-time point and

1 . N A
s=1 / dxdi[fo,f — ID,Rf - Fo,(\/Gana)

2 ]12

405 7 My r
_fE_f\/OTr”r+?+7]' 9)

Performing an integral over f‘, we obtain
P({f})~ / DngDyy e i)
x 5<a,f—Dda§f—%
~ou(vagang = vazan, ). (10)

This leads to the stochastic partial differential equation,

0 = DR + % F(1 = )+ 0,(/ogan,) + /o,
(1)

where 7, and 5, are Gaussian white noises with mean zero
and correlations given by

(o (x1, t)np(x2, 1)) = Sapd(x1 — %2)8(t — 1), (12)

where a,f =d, r represent the diffusive and reaction
noises respectively. Equation (11) is a central result of this
Letter. We note that this equation without the presence of
the third term is popularly known as the sFKPP equation
[8,10,11,16], which is a common model to describe the
invasion of advantageous organisms within an existing
population. To highlight the effects of diffusive noise, we
focus on the case where the selective advantage is zero, i.e.,
we set the second term in Eq. (11) to zero. This allows us to
isolate and study the impact of stochastic effects due to
migration and genetic drift in detail.

Effect on heterozygosity—To illustrate the consequences
of the diffusive noise, we focus on the two-point correlation
function  H(xy,x,1) = (f(x1, )[1 = f(x2. 1)) + f(x2. 1)
[1 = f(x;,1)]), commonly referred to as the average spatial
heterozygosity in population genetics. This represents the
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average probability that two individuals at positions x; and
x, carry different alleles and is routinely used to quantify
genetic diversity [7,8,33]. Starting from the fluctuating
hydrodynamic equation for the frequency of the allele
given in Eq. (11), we derive the equation for H. Following
previous work [8], we apply Ito’s Lemma, and expand H to
second order in Jf, using the stochastic increments
Sf(x,t) = D402f5t + dw(x,t), where dw encodes the
noise correlations, and have

ntaw(1) = (2B220,0,15(0 - )ota =)
21— o)
x6(t—1). (13)

An analogous form of averaging arises in general Langevin
processes describing systems with diffusive dynamics [50].
After averaging over the noise, the deterministic terms
yield D,(0% + 0%,)H, while the noise contributions pro-
duce —[(2D,a)/N]H5(x| —x,) and +[(2D4a)/N]o,, d,,
[H5(x; — x,)], respectively. The first term reflects reac-
tion-driven diversity loss as seen in previous studies
[4,8,33], while the second term represents a new contri-
bution arising from diffusive noise. The resulting equation
for the heterozygosity H(x;,x,) becomes

2D,a 2D a

N

0,H = 2D 0*H — H§(x) + 2[H5(x)], (14)

where x = x; —x,. This generalizes previous equations
that did not include diffusive noise [8]. Our modified
equation introduces an additional term, the third term
arising uniquely from diffusive noise, which modifies
the spatial structure of heterozygosity. Specifically, it
suppresses diversity at the origin while enhancing it at
other spatial locations at short distances. This behavior is
illustrated by the heterozygosity profiles shown in Fig. 2.
We observe a clear discrepancy between Monte Carlo
simulations and the theory without diffusive noise.
However, when diffusive noise is correctly accounted
for, the simulations match the theory perfectly. Previous
theories without diffusive noise do not capture this, leading
to discrepancies in spatial profiles when R, < R;. This
analysis shows that early genetic demixing is accurately
described by a hydrodynamic equation with diffusive noise
rather than the sFKPP equation. However, the long-time
behavior remains the same regardless of the presence of
diffusive noise (see Supplemental Material for details [35]).

Number fluctuations in a finite domain—To further
demonstrate the importance of diffusive noise, we next
focus on an additional quantity, namely the fluctuations in
the number of alleles across a spatial domain. The total flux
of particles Q7 across the origin up to a time 7" has become

e R =10
0.1 ¢ R=10"
= R =10

o R =107
¢ R=10"1
s R =10

0.46 - 0 .
10° 10? 10* 106 10° 10? 10! 109
t— Rt —

FIG. 2. Effect of diffusive noise on spatial heterozygosity
H(x,1). (a),(b) H(x,t) at different times. Red circles are
Monte Carlo data for the stepping-stone model; stars are solutions
of Eq. (14) with diffusive noise; squares are solutions without it.
(c) Time evolution of H(0, 7) for various reaction rates. Points are
Monte Carlo results; solid and dashed lines are solutions of
Eq. (14) with and without diffusive noise, respectively. (d) shows
the long-time decay of heterozygosity for different reaction rates,
with time rescaled by the reaction rate. All curves have the same
large-time asymptotic behavior [35].

a standard observable in diffusive systems, both in and out
of equilibrium, over the past few decades [22,24,51-57]. It
is most commonly used as a test of large deviations using
macroscopic fluctuation theory (MFT) [49,51,58-62]. In
the following, we use this quantity to determine the relative
contribution of diffusive noise in the stepping-stone model.
We define the net change in allele concentration A up to
time 7 in half the spatial domain (which includes con-
tributions from both flux and reactions),

0, =1 / Pl T) - fe0dx. (1)
0

a

The variance of Qp, denoted (Q%),, provides insight into
the fluctuations in allele transport within the system.
Remarkably, we note that (Q2). can be related to the
heterozygosity H for uniform initial conditions. Assuming
an initial frequency f, (see Supplemental Material [35]),

@)= [ |n01- 0=t axay. a6

To compute this variance theoretically, we employ the
MFT framework, which facilitates the analysis of fluctua-
tions in systems governed by hydrodynamic equations [58].
Within the MFT framework, the probability of observing a
specific trajectory of the system is characterized by an
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action functional S. This action & is the same as Eq. (9) but
now biased by an extra term Agy, i.e., S = S — Agy. The
moment generating function for Qz, (e*97), can be
expressed as a path integral,

(e0r) = / DfDfe LS, (17)

where f‘ is the conjugate field, and ¢y = 01 /2
[f(«',T) = f(x',0)]dx’. To evaluate this path integral, we
apply a saddle-point approximation [51]. The saddle-point
approximation is valid because of the large prefactor L in
front of the action, and becomes exact in the L — oo limit.
This leads to a set of coupled Euler-Lagrange equations for

the fields f(x,7) and f(x, 1),

0.f = Dy02f — 0, (ad(f)axf> +0,.(f)f.

/

o = -pyof -7 (g, 7 - o)

Here, the primes denote derivatives with respect to f.
Next, we apply a standard perturbative expansion to

compute the allele number fluctuations [22,51]. We expand

both fields in powers of the perturbation parameter A, which

quantifies deviations from the typical trajectory,

P+ R R
(19)

f=fo+Af1+2fr+-,

At linear order in 4, the Euler-Lagrange equations become

0,f1 = Dyo%f1 — 0, (Gd(fo)axﬂ) +o,.(fo)f1.
0.1 = =Dy f 1. (20)

The boundary conditions are f;(x,0) = 0 (quenched initial
state) and f(x,T) = 6(x) [22,24,62], where 6(x) = 1 for
x € [0, 1/2]. The homogeneous solution for f,, backward in
time (z = T — t), can be easily found in Fourier space to be

i(1— e'*r)

i e—Dd<2ﬂk)2‘l" (21)

JAcl(va):

At leading order (4%), the variance (Q%), becomes

@)=Y [ atfout? i1k 0P + o7 k0],

k=—00

(22)

where 7, (k. ) given in Eq. (21) solves the linearized MFT
equations in Eq. (20). The predictions from the above
expression are compared with the results from direct
numerical simulations of the stepping-stone model in

1072} ]
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FIG. 3. The variance of number fluctuations is shown in

rescaled coordinates, with time scaled as 7/L? and variance
as (Q%) /L. Curves for different system sizes collapse onto a
single curve. For T < T*, (Q3).~ VT (diffusive noise); for
T > T*, (Q3). ~T (reaction noise), confirming the predicted
scaling. Inset: variance of Q7 from heterozygosity is plotted
versus time for L = 100. Solid lines show MFT predictions from
Eq. (22), and points show number-fluctuation estimates from
Eq. (16). The plot exhibits two regimes: early diffusive-noise
dominance and late reaction-noise dominance.

Fig. 3, showing perfect agreement. As shown in the inset
of Fig. 3, the above results are in excellent agreement with
(Q2%), computed directly from the heterozygosity through
Eq. (16). Thus the impact of diffusive noise on hetero-
zygosity is easily detectable and accurately predicted by
continuum theory.

It is straightforward to analyze the scaling limits of the
above expression: at short times (7' <« T*) diffusive noise
dominates and the sum converges to a scaling form
(03, ~6,V/T/\/2xDy, while at long times (T > T*)
reaction noise prevails, yielding (Q%).~ ¢,T/8, with a
crossover timescale given by T* ~ 3263 /(762Dy). The /T
scaling is typical of diffusive systems [24,51], while the
linear T behavior is typical of reactive as well as active
systems [57,63]. Interestingly, the short-time behavior of
number fluctuations in the stepping-stone model is the
same as the symmetric simple exclusion process (SSEP)
[42,49,51,64,65], since in the absence of reaction dynamics
the exchange rules are similar; however the fluctuations are
reduced by a factor of 1/N compared to the SSEP. In
contrast to the SSEP, where the crossover time in finite
systems is set by the diffusive scale 7~ L?; here, the
crossover from /T to T is independent of L and originates
purely from the reaction dynamics rather than from finite-
size effects (see Supplemental Material [35]).
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Conclusions—Our analysis shows that both types of
noise are essential for accurate predictions in spatially
structured populations, particularly at short times when
migration rates exceed reaction rates (R; > R,). This
insight extends beyond population genetics to reaction-
diffusion systems where transport and local reactions
coexist [66—68]. While the classical stochastic Fisher
equation [4,11,33] and related continuum models [8,69]
focus on reaction noise (genetic drift), they miss the initial
fluctuations when migration prevails. We provide quantifi-
able predictions for heterozygosity and number fluctuations
that pinpoint the timescales over which diffusive noise
controls early-time genetic demixing, a regime relevant to
experiments where high migration in microbial expansions
rapidly mixes alleles and suppresses local heterozygosity.

Our framework extends naturally to two-dimensional
and heterogeneous landscapes, and it remains to be
explored how diffusive noise alters fixation times and
phase-separating dynamics. Quenched versus annealed
initial conditions [24,51,52,54,70] can also be addressed
within our MFT framework. Finally, since the noiseless
equation (11) admits Fisher waves [10,16] with speeds set
by initial conditions [71] and demographic noise renorm-
alizes the front speed [11,69,72], strong diffusive noise may
produce additional corrections; understanding its impact on
Fisher wavefronts and genetic domain walls could clarify
interface roughness and stability in biological and chemical
systems [30,47,73].
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