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We study the effects of cyclic, athermal quasistatic shear on a model glass-forming system in three
dimensions. We utilize the three available orthogonal shear planes, namely XY, YZ, and XZ to better
explore the energy landscape. Using measurements of the stroboscopic (γ = 0) energy, we study the
effects of using an orthogonal shear direction to perturb unidirectional steady states. We find that each
sequence of the unidirectional protocol leads to compaction with the universal, �E ∼ N−1 behavior as a
function of the number of cycles, N . Additionally we find that cyclic shear utilizing multiple shear planes
presents hierarchical compaction, producing progressively lower steady-state energies compared to a pro-
tocol involving unidirectional cyclic shear alone. Furthermore, with the periodicity of the stroboscopic
energy as reference, we show that it is possible to achieve steady-state limit cycles of tunable periodicities
using different combinations of the three orthogonal strain directions. We find that such protocols exhibit
better annealing as compared to protocols with steady states created using unidirectional shear. We find a
nontrivial trend in the annealing energy and the period of the steady-state limit cycle, with an aperiodic
protocol appearing to produce the most well-annealed states. Finally, we compare the phase diagram of
the average steady-state energy 〈ESS〉, as a function of the shearing amplitude γmax, using unidirectional
and multidirectional protocols, and find that the universal features are preserved.
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I. INTRODUCTION

The energy landscape of glasses exhibits a complex
and intricate structure [1,2]. Understanding this landscape
arising due to the pairwise interactions between a dense
network of particles is crucial to gaining insight into the
mechanical and dynamical properties of amorphous mate-
rials [3,4]. The nature of the energy landscape plays a
crucial role in determining the dynamical properties of
glasses, and several hypotheses suggest a fractal struc-
ture that can lead to nontrivial phases such as Gardner
phases that arise due to the hierarchical distribution of
energy minima [5]. Many hypotheses including replica-
symmetry-breaking, suggest features where the curvature
of the minimum is positively correlated with its depth [6].
Mode-coupling theories present yet another picture of the
landscape, predicting a critical temperature marking a tran-
sition between regimes of densely and sparsely populated
minima [7]. The incredibly high-dimensional nature of the
energy landscape of glasses, however, makes numerical as
well as theoretical characterizations, challenging.

Molecular dynamics simulations under an isothermal
ensemble have long been used to ascertain the properties
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of glasses. Low-temperature simulations and other anneal-
ing protocols allow the system to settle into lower-energy
states. However, the time scales required to sample the
deepest minima diverge as the temperature approaches
the glass-transition temperature. An alternative method
of characterizing the landscape is by utilizing ather-
mal ensembles to traverse the potential energy surface.
Athermal quasistatic shearing (AQS), where the system
is always in an energy minimized state traces the sur-
face of the landscape with a changing global, mechanical
deformation [8,9]. AQS therefore forms a useful method
to study the low-temperature properties and response of
materials to deformations. Such perturbations induce tran-
sitions to more stable local minima or higher-energy states,
depending on the chosen ensemble, via plastic events,
which can lead to hysteresis and memory effects allow-
ing the system to transition to different stable states. A
question that remains unanswered is the nature of the
transition states connecting the minima that constitute the
energy landscape. A system subjected to such a quasistatic
deformation follows minima on the energy landscape, and
samples new minima via saddle-node bifurcations that
manifest as plastic events [10]. Understanding the nature
of such instabilities with varying strain parameters can
lead to a direct insight into the connectivity of the energy
landscape.

Such studies also have direct technological applications,
since materials subjected to periodic stresses can exhibit
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fatigue or failure. The relationship of mechanical pertur-
bations with the development of fatigue in solids remains
an outstanding issue in the field of material engineering.
Counterintuitively, in some cases, such periodic pertur-
bations can also produce stabilizing effects. Mechanical
annealing by way of oscillatory shear has recently been
used to improve the stability of solids [11,12]. A deeper
understanding of the physical mechanisms responsible for
the mechanical response of amorphous solids therefore
allows us to propose enhancements to techniques utilized
in tuning properties of such materials [13]. Methods of
cyclic shear are therefore directly relevant in the quest
to produce materials with superior mechanical properties
[14,15]. Additionally, oscillatory shear is a standard
method utilized in testing properties of a wide class of
materials, including granular systems, viscoelastic mate-
rials as well as glasses [16–18]. In crystalline systems,
oscillatory perturbations have been shown to reduce the
density of dislocations, thereby decreasing available fail-
ure modes [19]. Glasses however, in spite of exhibiting
similar annealing, do not permit explanations in terms
of defects due to a lack of order [20]. Such observa-
tions require developing an understanding that may be
generalized across a variety of solid materials.

In this paper, we simulate three-dimensional amorphous
model systems and study the effects of utilizing all the
three available shear directions on the behavior of such
systems under cyclic shear. Although recent studies have
determined the consequences of employing alternating
shear orientations at finite temperatures [21–23], athermal
systems, which are always precisely at local energy min-
ima (mechanical equilibrium), remain to be studied. In
Sec. II we discuss the current understanding of disordered
landscapes that emerges from unidirectional cyclic shear
simulations. In Sec. III we detail the effects of orthogo-
nally perturbing a system being cyclically sheared along
one shear plane. In Sec. IV we describe the nature of steady
states achieved under cyclic shearing protocols involving
combinations of shear directions. In Sec. V, we illustrate
the effect on the steady-state energy—shear amplitude dia-
gram that emerges as a result of using multidirectional
protocols.

II. ANNEALING EFFECTS OF UNIDIRECTIONAL
CYCLIC SHEAR

A measure of the stability of a system is the capacity
of its energy landscape to sustain a perturbation and return
to its original state. Probes of the mechanical stability in
turn provide useful information about the landscape, and
cyclic AQS forms exactly such a mechanism [24]. Since
the system is sheared at zero temperature (athermal), it is
always at an energy minimum, and the constraints of exact
mechanical equilibrium and force balance are imposed at
the microscopic level. Repetitive, oscillatory deformations

carry the system through various locations of the com-
plex energy landscape and eventually trap the system in
a limit cycle, which depends on the driving protocol [25].
The system settles into a limit cycle that is stable to the
corresponding oscillation protocol, with the depth of the
stable minima being correlated with the amplitude of the
cycle. Several studies of unidirectional oscillatory shear
have observed that there exists a critical strain amplitude
below which the system settles into states of lower ener-
gies (anneal) with an increasing number of cycles, and
above which, oscillatory shear takes the system through
states of higher energies (rejuvenate) [25–31]. This critical
strain, γyield, indicated in Fig. 1(c) corresponds to a system-
spanning yield event, and recent studies have established
that cyclically shearing with an amplitude γmax < γyield
always induces a limit cycle. For a fixed strain orienta-
tion, at low amplitudes, the period of the limit cycle is one.
However, as the critical strain is approached, the period
may increase, along with the time taken to find this steady
state. Above the critical strain, the system is chaotic, and
does not settle into a limit cycle [25,30].

In this work, we employ a simple model glass former
described in detail in Appendix A, in order to conduct
simulations of cyclic shear. This model system incurs
a system-spanning yield event close to a strain γyield =
7 × 10−2. We begin by examining the evolution of the
energy of the system under cyclic shearing at a small
strain amplitude, γmax = 5 × 10−2, smaller than the yield
strain γyield ≈ 7 × 10−2. The energy is measured at γ =
0 after each strain cycle that comprises of a change in
strain from 0 → γmax → −γmax → 0, performed in strain
steps of �γ = 5 × 10−5, while the energy of the system
is minimized with respect to the particle-position degrees
of freedom, at every step. During such an oscillation, the
system traverses the energy landscape, undergoing elastic
as well as plastic deformations. These plastic events allow
the system to transition between various local minima and
explore a larger region of the landscape as determined by
the strain amplitude. The energy of the system at zero
strain serves as a measure of the stability of the new
minima that are accessed.

Utilizing a single shear plane allows us to reproduce fea-
tures previously observed in models of amorphous solids,
and are described in detail in Secs. IV and V. Cyclically
shearing at amplitudes below yield leads the system to find
steady-state trajectories that are limit cycles where every
configuration settles into a closed trajectory in the state of
the system with respect to the driving. Amplitudes larger
than the yield strain on the other hand, lead to chaotic
trajectories.

On average, the system anneals when driven with an
amplitude lower than γyield, and rejuvenates at larger
amplitudes. These features are captured within a steady-
state phase diagram of the average steady-state energy
〈ESS〉 as a function of the amplitude of driving γmax [see
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FIG. 1. (a) Two of the three fundamental shear deformations available to a three-dimensional system. We use these deformations to
perform mechanical annealing of the system. (b) Schematic of the hierarchical compaction in energy achieved using multidirectional
cyclic shearing. Applying unidirectional cyclic alone yields a compaction with a change in energy�E ∼ N−1

cycle with increasing number
of cycles Ncycle. This behavior saturates after a critical number of cycles beyond which the system does not anneal further. Surprisingly,
providing a cyclic perturbation along an orthogonal shear plane releases the system from a limit cycle, and additional compaction
occurs along the original direction with the same�E ∼ N−1

cycle behavior. In this manner, a hierarchy of energy cascades can be achieved.
(c) Phase diagram depicting the unidirectional steady-state energy 〈ESS〉 as a function of the strain amplitude γmax. For γmax < γyield
the system anneals to a steady-state energy, whereas it rejuvenates for larger amplitudes. For average energies less than the critical
threshold the system does not display any variation until yield.

Fig. 1(c)]. While the degree of annealing improves up until
the point of yielding, there exists a lowest energy achiev-
able by such mechanical perturbations. In fact, using an
initial ensemble with energies lower than this threshold
energy leads to no changes to the average energy. Further,
the yield strain also increases as the average energy of the
ensemble is lowered below this threshold.

Although cyclic shear has now been established as a
physically relevant protocol with which to sample the
energy landscape and anneal glassy systems, the nature of
the energy cascades induced by shearing along multiple
planes has received less attention. An interesting aspect
of the approach to the steady state in cyclically driven
systems is the logarithmic relaxation of the energy, indicat-
ing an underlying compaction of states. The steady states
themselves manifest as a saturation from the logarithmic
energy decay. This observation is suggestive of an under-
lying compaction of the final states reached during the
process of cyclic shearing, as has also been seen in gran-
ular systems subjected to cyclic deformation [11,32,33].
Indeed, as we show in the next section, the energy land-
scape sampled by multidirectional shearing presents a
hierarchical structure, which enables the system to anneal
into better minima that unidirectional shear alone cannot
access.

III. HIERARCHICAL COMPACTION USING
ORTHOGONAL PERTURBATIONS

The behavior of systems under cyclic driving along a
single direction have been well characterized, with the
system settling into a limit cycle after a large number of

oscillations. Limit cycles trap the system in trajectories
that correspond to steady states, with the number of cycles
required providing information about ease of finding such
closed paths. As a three-dimensional solid possesses three
orthogonal shear planes, we can perform a more com-
prehensive exploration of the energy landscape by using
various combinations of independent shear cycles along
each of the three directions. These additional orthogonal
shear directions allow the system to explore new min-
ima of the energy landscape, and therefore studying the
effect of perturbing a system being driven under unidirec-
tional cyclic shear provides a further characterization of
the nature of the connectivity of the underlying landscape
of unstrained states.

To achieve this, we begin with a system corresponding
to a parent temperature Tp = 0.58, undergoing repetitions
of cyclic AQS at an amplitude γmax = 5 × 10−2 along
one shear plane, XY. This protocol leads to a logarithmic
relaxation of the energy, with a steady-state energy being
achieved after a finite number of cycles (approximately
equal to 15 for these parameters). In order to test the stabil-
ity of this steady state, we periodically apply cycles of the
same amplitude after a designated number of cycles along
an orthogonal direction, YZ. We find that these orthogo-
nal perturbations free the system from the limit cycle, and
allow it to perform additional relaxations along the origi-
nal shear direction. This points to the fact that the steady
states achieved by unidirectional shear alone do not fully
compactify the system.

We next perform a systematic study of this additional
compaction by introducing orthogonal perturbations at
specific intervals into a unidirectional shearing protocol,
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which we term as “pulses.” A pulse period of 2 is where
every second cycle is a pulse, a pulse period of 3 where
every third cycle is a pulse, and so on. In Fig. 2(a) we
plot the energy at zero strain, after each cycle, for pro-
tocols with varying pulse periods. At this amplitude of
oscillation and the ensemble of energies chosen, all pro-
tocols display an annealing of the energy. We find clear
signatures of two regimes: (i) at small periods, where
the system is unable to anneal completely with unidirec-
tional shear and therefore the steady state limit cycles
depend on the precise protocol as seen in the case of
pulse periods 2, 3, and (ii) at large periods where the sys-
tem finds limit cycles corresponding to the unidirectional
protocol, before the perturbation unsettles it, as seen with
pulse periods 10, 15. There additionally exists an interme-
diate, transitory regime (such as pulse period 5) where the
reducing relaxation times crossover from a value greater
than the pulse period, to a lesser value, as the driving
progresses.

Surprisingly, within the number of cycles probed, the
degree of relaxation achieved by the unidirectional cyclic
protocol depends nonmonotonically on the period of the
perturbation. We find that, in ascending order of steady-
state energy, the periods are 3, 10, 2, 5, 15. The rates
of relaxation though, vary as expected, with the proto-
cols of higher pulse periods taking longer to reach their
steady states. This occurs since the system is able to find
an alternative steady state where the unidirectional limit
cycle is stable to orthogonal perturbations. Such a state is
distinct from multidirectional limit cycles, and can possi-
bly explain the aforementioned, nonmonotonic annealing
behavior. We also note that when the pulse periods are
larger than the relaxation times, all the trajectories are
identical, and may be scaled by the period.

In Fig. 2(b), we plot the average energy that the sys-
tem is allowed to relax to, via unidirectional cyclic shear,
as measured just before a pulse. The system exhibits an
initial, logarithmic annealing in the energy, as has also
been observed in finite-temperature systems [23,34]. In the
inset, we plot the change in energy after each pulse, which
displays a scaling consistent with compaction: �E ∼
N−1

pulse. As the change in energy due to the unidirectional
shearing between each pulse also displays such a com-
paction, we conclude that the addition of orthogonal shear
planes creates a hierarchy of compaction, with the total
change in energy achieved by unidirectional shear decreas-
ing with each additional pulse. The orthogonal perturba-
tions therefore increase the number of unidirectional cycles
required to achieve a steady state, extending the annealing
regime, allowing the system to find lower-energy states.

While the protocols studied in this section regard shear-
ing along orthogonal directions as perturbing pulses, it
is natural to also consider finite sequences of orthogonal
shearing that can allow the system to explore the full hier-
archy of compaction. For example, a sequence of XY cycles
interspersed with YZ cycles, may further be interspersed
with XZ cycles, and can lead to even lower-energy states.
Such protocols can also lead to nontrivial steady states that
are not achievable through unidierctional shearing alone,
as we discuss below.

IV. STEADY STATES ACHIEVED USING
MULTIDIRECTIONAL PROTOCOLS

Having characterized the effects of orthogonal
perturbations on the annealing behavior of unidirectional
protocols, we next examine the nature of the steady states
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FIG. 2. (a) Averaged, stroboscopic energies achieved using a pulsed protocol, where unidirectional cyclic shear along XY is punc-
tuated with periodic pulses of cyclic shear along the orthogonal plane YZ, both with an amplitude γmax = 5 × 10−2. The energy of the
unidirectional cyclic protocol is displayed without an accompanying line. (b) Energy measured just before a pulse, plotted against the
pulse number. (Inset) Change in energy produced by each pulse. The difference in energy between the state just before a pulse and the
state just before the next pulse.
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FIG. 3. (a) Typical trajectories of the stroboscopic (γ = 0) energy during a cyclic, athermal quasistatic shearing (AQS) protocol
of amplitude γmax = 5 × 10−2. The initial configurations correspond to the R10 model, and are sampled from a thermal ensemble
at Tp = 0.58. The oscillatory protocols involve repetitions of cyclic shear along (i) R (ii) R-B (iii) R-B-R (iv) R-B-G, and (v)
R-B-G-B. (b) Averaged trajectories of the stroboscopic energy measurement corresponding to the protocols displayed in (i). The plot
without markers corresponds to the RANDOM protocol where the shear plane of each cycle is randomly chose from the three orthogonal
directions. The higher-period protocols show larger degrees of annealing, achieving lower-energy steady states, with the RANDOM
aperiodic protocol achieving the lowest.

that develop as the system is driven with a combina-
tion of perturbations along the different shear planes. In
Fig. 3(a), we display the energy achieved by the system,
at the conclusion of each cycle. The three colors and sym-
bols correspond to the three possible shear planes along
which the system can be sheared: XY, YZ, and XZ, which
we denote by R, B, and G, respectively. Figure 3(a) (i)
shows the energy after each cycle, of a conventional unidi-
rectional cyclic shearing protocol involving repetitions of
R, displaying annealing and the approach to a steady state,
which represents the system settling into a limit cycle. We
next perform repetitions of R-B, alternating between the
two directions, as shown in Subfig. (ii). Such a protocol
leads to a steady-state limit cycle of period “two”, with the
system finding two different minima, say M1 and M2, such
that M1

R−→ M2, and M2
B−→ M1. Similarly, in Fig. 3 (iii),

(iv), and (v) we show the results of using driving proto-
cols of higher periods, for instance R-G-B, R-G-B-G,
and so on. Most significantly, the existence of steady-state
limit cycles of large periods, suggests the existence of a
complex network of states.

While it is possible to construct driving sequences of
arbitrary period using multiple shearing directions, the
period associated with the steady states achieved by the
system are not always commensurate with the period of
the driving protocol. This suggests that when using pro-
tocols of higher periods, the system may not be sampling
as many distinct energy states as the period. However, we
find that for small periods, this does seem to be the case.
We explore the nature of these steady states by driving the

system with the simplest sequences composed of the three
elementary operations XY, YZ, and XZ, which allow the
system to find steady states with much larger periods than
any two directions alone. Additionally, it is also interest-
ing to note the fact that high-period protocols display an
increase in the energy at short times, contrary to the behav-
ior of the unidirectional protocol that approaches steady
states monotonically.

In Fig. 3(b), we plot the energy of the system driven
under the same protocols illustrated in Fig. 3(a), measured
stroboscopically, at γ = 0, over 100 cycles, and averaged
over 64 initial configurations. The protocols involving
multiple shear directions and higher periods display larger
degrees of annealing. Although the approach to the steady
state is slower, the final states achieved have much lower
energies in comparison to the unidirectional shearing pro-
tocol. This enhancement in annealing occurs due to the fact
that the system settles into a limit cycle that involves mul-
tiple sets of states that the cyclic driving along multiple
shear directions is able to access. Additionally, the period
of driving with multiple directions biases the system to find
limit cycles of corresponding lengths.

As the degree of annealing is correlated with the time
taken to reach a limit cycle, which in turn is correlated
with the period of driving, this opens up an interesting
possibility: does an aperiodic sequence of driving anneal
better than periodic sequences? In order to answer this
question we also drive the system with a RANDOM pro-
tocol, where, the direction of cyclic shear is randomly
chosen from amongst the three possibilities: {R, B, G}.
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Remarkably, we see that such a protocol is indeed able
to anneal better than the periodic protocols, and it does
not reach a steady state within 100 cycles, as shown in
Fig. 3(b). Of crucial interest is the fact that this protocol is
slower to anneal to a given energy, than a suitably chosen,
periodic protocol, but is certainly the most unconstrained
mechanical protocol available, to anneal an amorphous
solid. It would be interesting to explore the effects of
such random protocols further, and possibly determine the
best possible aperiodic protocol with which to anneal such
systems. It is worthwhile to note that both protocols con-
tinue to anneal, even if the unidirectional protocol begins
to anneal only much closer to the yield strain. To within
the error of our measurement, we are unable to make any
claims regarding any differences in the threshold energy
as perceived by the two protocols. Therefore, the nature
of the steady state corresponding to the RANDOM protocol
remains an intriguing question.

Finally, we discuss a possible mechanism for the cor-
relations between the periodicity of the limit cycles and
the driving frequency on the annealing effects observed
in this study. Since these materials are known to have
a significant memory of the most recent direction, it is
possible that even for small strains, the state of the sys-
tem should not be the same after switching the plane of
shear, for any amplitude large enough to cause particle
rearrangements. When the strain direction is changed, the
system is more susceptible to slip-causing dislocations in
the initial direction. However, such effects, if any, are not
readily apparent in the pair-correlation function, which we
discuss in detail in Appendix D. Therefore intriguing con-
nections remain to be made with such effects, sometimes
described as Bauschinger effects. It would be interesting to
explore whether the observations presented in this section
represent a generalization of this memory effect, which is
typically conceived of only for unidirectional shear.

V. MULTIDIRECTIONAL ANNEALING PHASE
DIAGRAM

We show in the preceding sections that utilizing addi-
tional shearing directions allows for much better annealing
of the model system, at a specific shearing amplitude
(γmax = 5 × 10−2), in comparison to unidirectional shear-
ing alone. As multidirectional cyclic shear constitutes a
more extensive exploration of the potential energy land-
scape, it is natural to study the effects of such protocols on
the nature of the phase diagram of cyclic shear. In order to
identify departures from the (〈ESS〉, γmax) phase diagram of
steady-state energies [31,35,36], we examine the behavior
of systems cyclically driven under various amplitudes, as
well as parent-temperature ensembles.

In Fig. 4(a), we plot stroboscopic energies as a func-
tion of the cycle number, comparing two different cyclic

protocols: R and R-B-G. We use initial ensembles sam-
pled from the parent temperatures Tp = 0.58, 0.56, 0.54,
and 0.52. In Fig. 4(a) (i) we plot the energy achieved with
the shearing amplitude, γmax = 5 × 10−2, also employed
in Secs. III and IV. Under unidirectional cyclic shear,
lower parent temperatures have been shown to be accom-
panied by a reduction in the degree of annealing, with
a marked threshold energy below which mechanical pro-
tocols fail to produce any change in the average energy
[31,35]. We observe a similar trend when using a multidi-
rectional protocol, with the system presenting an energy
below which there is no annealing. In Fig. 4(a) (ii) we
display the behavior of the system at a larger shearing
amplitude, γmax = 6 × 10−2. Although there are marked
enhancements in annealing, the threshold in energy per-
sists. Interestingly, the threshold for the multidirectional
protocol coincides with that for the unidirectional protocol.
The robustness of the phase diagram is additionally corrob-
orated by the difference between the steady-state energies
attained by the two protocols decreasing with lowering
temperatures. The two protocols yield the same degree of
annealing at the threshold energy (Appendix Fig. 6), point-
ing to the robustness of the threshold energy to the driving
protocol.

In Fig. 4(b) we plot the steady-state energies achieved
by cyclic shearing at various amplitudes, beginning from
various initial parent temperature ensembles. We find that
the main features of the phase diagram for unidirec-
tional shearing are preserved. However multidirectional
shearing displays a significant enhancement in anneal-
ing, when employing shear amplitudes below the yield
strain (γyield ≈ 7.0 × 10−2). Additionally, configurations
sampled at high temperatures show significant annealing
that improves as the yield strain is approached. The low-
est energy that the cyclic shearing procedure converges to
represents the threshold energy below which athermal pro-
tocols fail to anneal. Unidirectional protocols show a sharp
approach to this threshold, with only amplitudes very close
to the yield strain able to reach it. Multidirectional proto-
cols on the other hand present a more gradual approach
to this threshold, allowing for a better estimation of both
the threshold energy as well as the yield strain. Since the
time taken to reach the steady state diverges as the yield
strain is approached [25,26], it would be interesting to
study such a divergence with multidirectional protocols
that may present varying degrees of divergence. This could
open up the possibility of an optimal choice of protocol for
the purposes of annealing.

Finally we examine the rejuvenation effects displayed
by the system for amplitudes larger than the yield strain.
In Fig. 4(a) (iv), we plot the energies achieved when using
an amplitude above the yield strain. For the unidirectional
protocol, we find an increase in energy consistent with ear-
lier results. In comparison, the multidirectional protocol
displays a significant enhancement in rejuvenation of the
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FIG. 4. (a) Average stroboscopic energy plotted as a function of the number of shear cycles. The initial samples are obtained
from various parent temperatures (Tp), and correspond to the different initial average energies. Three different cyclic protocols (R,
R-B-G, RANDOM) and four straining amplitudes (γmax) are used. (b) Steady-state energies plotted against the straining amplitude.
Filled markers and solid lines correspond to the R protocol, unfilled markers and dashed lines correspond to R-B-G, and the half-filled
markers and dash-dotted lines correspond to the RANDOM protocol.

energy. We note that in the case of the multidirectional
protocol, the amplitude at which the system begins to reju-
venate is lower, but the large error bars on the data do not
allow us to make a precise statement regarding the change.
The corresponding regime in Fig. 4(b) illustrates the dif-
ference between the two protocols. In Fig. 4(a) (iii) we
plot the intermediate regime between the annealing and
rejuvenating phases. As this regime is very close to the
yield strain, there is no significant change in the average
energy achieved using both protocols. The consistency of
this behavior across protocols reaffirms the significance
of the yield strain as an inherent property of the model
system.

VI. CONCLUSION AND DISCUSSION

In this paper, we describe the effects of incorporat-
ing orthogonal shear planes into athermal cyclic shearing
simulations. We show that incorporating multiple shear
directions into the mechanical annealing of such systems
can lead to a significant increase in the annealing effects
of such glass formers. Our results therefore provide further
insight into the nature of states accessed by cyclic shear-
ing. Additionally, we uncover an interesting hierarchy of
annealing that such multidirectional protocols can access.
We illustrate this by perturbing steady states achieved by
unidirectional cyclic shear, which results in an escape from
the limit cycle, and leads to further annealing along the
original direction. We also highlight the fact that using a
protocol with no periodicity, i.e., a random choice of shear
plane for every oscillation, exhibits a significant increase
in annealing over periodic protocols. This opens up the
possibility of designing protocols with arbitrary periods to

their steady-state limit cycles. The longer times required
to find trajectories that are stable to these protocols allows
the system to anneal to deeper minima. Finally, we also
illustrate the advantages of using multidirectional proto-
cols in examining the steady-state energy phase diagram,
and also in estimating the threshold energy. As the sin-
gular behavior at the yield strain renders the approach to
it difficult, driving the system in multiple directions can
lead to a smoother approach to the yield point. As the yield
strain sets a bound on the spatial extent of a unidirectional
limit cycle, the addition of multiple shear directions allows
for the possibility of creating arbitrarily large limit cycles,
which in turn can provide greater insight into the nature of
yielding in such systems.

The refinement of our ability to tune the mechanical
properties of materials has long been the domain of materi-
als engineering. Consequently, explorations of the physical
processes that control the stability of solids leads to a
greater ability to tune mechanical properties of such mate-
rials. From a fundamental physics viewpoint, such investi-
gations are also useful in gaining a complete understanding
of the energy landscape of glasses, and consequently, con-
trol over their material properties. Additionally, we show
that the effect of incorporating different shear planes can-
not be considered to be the same as multiple cycles along
a single shear plane, which cannot be explained within
a scalar description that is typically used in elastoplas-
tic models of amorphous systems. Our study of multi-
directional cyclic shear therefore highlights the useful-
ness of a tensorial description incorporating correlations
between the physical dimensions of a solid. Moreover,
our study is a helpful contribution of immediate relevance
to the study of materials, with real-world applications of
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manipulating the ductility and brittleness of amorphous
systems. Specifically, the observation of better annealing
with additional shear planes can easily be utilized in exper-
imental as well as theoretical techniques concerned with
achieving stabilization through mechanical means. The
existence of a hierarchy of compaction can also be used
to create materials with tunable stability. Additionally, this
also opens up an intriguing possibility of creating materials
that are stable to perturbations along only some directions,
while remaining unstable along others.

A question that remains to be addressed is the origin
of the yield strain and the threshold energy. It would be
intriguing to find the relationship between them, and cru-
cially, also with the microscopic parameters of the system
such as the measure of disorder, say the particle-size poly-
dispersity. Another relevant direction of research is the
nature of the connectivity between energy minima accessi-
ble via mechanical annealing. The results from the periodic
perturbations suggests the existence of nontrivial, optimal
perturbation frequencies that provide the best annealing. It
would be interesting to study the nature of the effects of
such periodicity in the driving protocol further. Our study
also raises interesting questions regarding the entropy of
the limit cycles that are accessed by periodic and aperiodic
protocols, which can in turn provide crucial information
about the connectivity of the energy landscape of such
amorphous systems. Finally, it would be interesting to
study the effects of multiple shearing directions in encod-
ing memory [37] in such systems, which could lead to a
better understanding of the structural correlations encoded
by cyclic shear.
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APPENDIX A: MODEL AND METHODS

We simulate a 50:50 mixture of two particle types A and
B. The interaction potentials are cutoff at a distance

rc = 1.385418025 σ , (A1)

with the three interaction diameters given by

σAA = 1.0,

σBB = 1.4,

σAB = √
σAAσBB. (A2)

The number density of particles N/V = ρ = 0.81. We use
a purely repulsive pairwise potential, smoothed to two
derivatives at cutoff:

ψ(r; σ) =
(σ

r

)10
+

2∑
m=0

c2m

( r
σ

)2m
, (A3)

where the constants c2m are calculated such that

dmψ

drm

∣∣∣∣
rc

= 0 ∀ 0 ≤ m ≤ 2. (A4)

Simulations of glasses along with the energy minimiza-
tions are performed using LAMMPS [38,39]. The stop-
ping criterion for the minimization is the force 2-norm:√∑N

i=1 |Fi|2. Analyses are performed with the help of
NumPy [40–42] and SciPy [43,44] libraries. Plotting is
performed using Matplotlib [45,46].

In our simulations, we use the glass-forming model
defined above, in three dimensions, with N = 4096 par-
ticles, and begin with equilibrating at T = 1.00. We then
cool samples at a slow rate of Ṫ ≈ 10−2 to and equili-
brate at various parent temperatures (Tp). We subsequently
employ the conjugate gradient algorithm to achieve states’
energy minimized up to a force tolerance of 1.0 × 10−10.

R R-B R-B-R R-B-G R-B-G-B RANDOM
Protocol
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FIG. 5. Degree of annealing plotted as a function of the pro-
tocol, for an ensemble sampled from a parent temperature Tp =
0.58.

024004-8



ANNEALING EFFECTS OF MULTIDIRECTIONAL. . . PHYS. REV. APPLIED 19, 024004 (2023)
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FIG. 6. Difference in annealed energy between the R and
R-B-G protocols, plotted as a function of the initial-ensemble
temperature, for various oscillation amplitudes.

APPENDIX B: UNIDIRECTIONAL AND
MULTIDIRECTIONAL ANNEALING

The measure of utility of a protocol is the degree of
annealing afforded by its application. The change in energy
between the initial state and the final, steady state deter-
mines this ability of a procedure. Figure 5 plots the change
in energy for various protocols, showing an increase with
periodicity.

APPENDIX C: UNIDIRECTIONAL AND
MULTIDIRECTIONAL THRESHOLD ENERGIES

The threshold energy below which the system fails to
anneal under cyclic mechanical perturbation may be iden-
tified by detecting a convergence in the steady states of
the unidirectional and multidirectional protocols. Figure 6
indicates a threshold close to Tp = 0.52.

APPENDIX D: CHANGES IN STRUCTURE

We also monitor the changes in structure that are
observed in the system during the shearing cycles. As
has been seen in recent studies [47], the anisotropy in
the structure develops only for strains larger than the
yield strain. Similarly, we observe that there is minimal
change in the structural correlations with the number of
cycles, irrespective of the shearing protocol across different
directions.

In order to determine any structural signatures, we per-
form averaged planewise measurements of the pair corre-
lation functions in some of our configurations. In Fig. 7
we plot the pair correlation functions g2(
r) measured
along different planes for two different shearing proto-
cols XY, YZ, XZ, and XY, YZ, XY. In both cases we do not

Δx

Δ
y

(a)

Δy

Δ
z

(b)

Δx

Δ
z

(c)

Δx

Δ
y

(d)

Δy

Δ
z

(e)

Δx

Δ
z

(f)

0.925

0.950

0.975

1.000

1.025

1.050

P (Δrα,Δrβ)

FIG. 7. Two-dimensional histograms of pairwise distance
components proportional to the planar g2(
r), measured after 100
cycles of shear along (a)–(c) the XY, YZ, XZ and (d)–(f) the
XY, YZ, XY planes.

observe any significant changes in these structural identi-
fiers after 100 shearing cycles. It would be interesting to
determine whether other correlations such as in the com-
ponents of the stress tensor will be able to distinguish
between better annealed states, similar to observations in
ultrastable granular materials [48].
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