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Abstract The Light-Heavy (LH) model involves two species of particles (light
and heavy) coupled with a fluctuating surface (described by tilts). The dynam-
ics include the inherent diffusion of the particles (or tilts) as well as the drive
provided by the tilts (or particles). When the two are of similar magnitude,
the system lies in the unscaled (uLH) regime, while a significantly weaker drive
leads to the scaled (sLH) regime. In the unscaled limit, the model exhibits an
order—disorder transition characterized by the fluctuation-dominated phase or-
dering (FDPO). In this state, interestingly the dynamics is driven by multiple
modes, giving rise to dynamic clusters. Away from the critical regime the dis-
ordered phase retains vestiges of FDPO behavior on length scales smaller than
the correlation length. We examine this local FDPO-like behavior by using a
scaling function that links the off-critical and critical regimes. We next turn to
the scaled model and show that the multi-mode dynamics present in the un-
scaled regime is replaced by dynamics that is effectively controlled by a single
dominant mode in the scaled regime. Concurrently, the two-point correlations
change from the O(1) FDPO form to an anomalous long-range form that de-
cays as 1/v/L. Drawing on the analogy with the SABC model, where similar
anomalous correlations appear at criticality, we derive an analytical expression
for the two-point correlation function using the same approach used for that
model.
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1 Introduction

Driven diffusive systems [I] can display qualitatively distinct large-scale
behavior, depending on how the strength of the drive compares with diffusion.
If the drive remains of the same order as diffusion in the thermodynamic limit,
the dynamics are strongly out of equilibrium and often give rise to rich phase
diagrams and collective effects that are challenging to characterize analytically.
An alternative perspective is provided by scaled models, in which the drive de-
creases with increasing system size so that diffusion dominates on local scales,
while drift becomes relevant only over distances comparable to the system size.
This separation of scales often permits controlled hydrodynamic descriptions
and analytical approaches that are not available in the strongly driven case.
Since the drive is weak at the microscopic level, the resulting thermodynamic
limit can nonetheless differ qualitatively from that of the corresponding model
with finite drive, yielding new phases and altered critical properties. When
such differences arise, it is natural to ask how the two limits are related, and
how one form of collective behavior transforms into the other as the drive is
varied.

Several paradigmatic models illustrate this distinction. The weakly asym-
metric exclusion process (WASEP) [2], obtained by scaling the asymmetry
of the exclusion process inversely proportional to the system size, provides an
interpolation between purely diffusive and strongly driven transport. Its large-
deviation functional explicitly connects exact results known for the symmetric
and asymmetric exclusion processes, illustrating how weak-driving limits can
smoothly bridge equilibrium and nonequilibrium regimes. Another important
example is the ABC model [3], where scaling the microscopic bias with system
size [4] yields a phase diagram that includes disordered, critical, and phase-
separated regimes. Notably, the critical phase features anomalous long-range
correlations [5] and fluctuations dominated by the lowest Fourier mode [6],
properties that are not known to appear in the analogous model with finite
drive. In a similar spirit, scaled drive and noise formulations have also been
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Unscaled LH model

Scaled LH model

Criticality:
correlation

Criticality:
Fourier spectrum

Ordered phase:
Porod’s law

C(r) ~mZ = b(r/L)*; O(1) [10]
amplitude with a cusp
singularity ; Eq .

FDPO with broad multi-mode
spectrum S(k) ~ k= (1+®) and
(Qn) ~ L=%Y (n/L)

(Egs (61), (6-2)) [L1]; nonlinear
hydrodynamics.

Strong phase separation of
particles; strong agreement with
Porod’s law in particle

C(r) ~ L=Y2 cos(2nr/L) ;
Eq (7.33).

Single-mode k1 = 27 dominates
Q1) ~ L=1/4 higher modes
~ L™1/2) effective
Fokker-Planck

description (Eq )
Long-range order; Porod’s law is
recovered for separations larger
than the width of the interface.

correlation.

Local FDPO correlations within
r <& with § ~ A™Y (v ~0.8);
Eq (4.5).

Purely exponential decay with
£ ~ A~1/2 [12]; agreement with
fluctuating hydrodynamics

Disordered phase

Table 1.1 Summary of our main results, contrasting multi-mode fluctuation-dominated
phase ordering (FDPO) in the unscaled LH model with single-mode criticality in the scaled
model.

utilized to understand the fluctuating hydrodynamics of several systems in-
cluding active lattice gases [78] and evolutionary models [9]. More generally,
these cases show that different choices of drive scaling can fundamentally re-
shape the thermodynamic limit, producing qualitatively new phases, fluctua-
tion patterns, and correlation structures, and providing concrete realizations
of critical states that arise only in the weakly driven regime.

The Light-Heavy (LH) model [I3L14L10LT5]T6LT7T819.20,12] offers a par-
ticularly compelling framework in this context. It describes two particle species
coupled to a fluctuating surface and exhibits a rich phase diagram that emerges
from the interplay between particle dynamics and surface fluctuations. In its
standard formulation, where the external drive and diffusion remain of com-
parable strength as the system size grows, the model displays fluctuation-
dominated phase ordering (FDPO) [2I]. This is an unusual critical state in
which long-range order is present but accompanied by exceptionally strong
fluctuations. First discovered in systems of particles sliding on fluctuating sur-
faces [10,I5], FDPO has subsequently been identified in a broad range of
equilibrium [22] and nonequilibrium systems [23][241[251[2627]. Hallmarks of
FDPO include a broad distribution of the order parameter that remains finite
in the thermodynamic limit, and a cusp singularity in the scaled two-point
correlation function, signaling the coexistence of large-scale order and strong
fluctuations.

More recent studies [I2] have demonstrated that the behavior of the LH
model changes qualitatively when the drive is scaled with system size. In this
scaled version, the FDPO phase vanishes and is replaced by a distinct critical
regime. Although the presence and location of this new phase are known, its
nature and its relation to the FDPO observed in the unscaled model remain
poorly understood. This leads to several natural questions: What type of crit-
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Fig. 2.1 Schematic illustration of a Light-Heavy model configuration. Light particles (o)
and heavy particles (®) occupy integer lattice sites j, whereas up tilts (/) and down tilts (\)
reside on half-integer sites j + 5.

ical state appears in the scaled limit? In which respects does it differ from
FDPO, and are there any ways in which it is similar to FDPO?

In this work, we address these questions through a combination of analyti-
cal calculations and numerical simulations of the LH model. We first examine
the unscaled regime and study the persistence of FDPO-like behavior within
the homogeneous phase. In particular, we show that FDPO-like behavior per-
sists on length scales below the correlation length, leading to localized critical
behavior and a scaling collapse governed by the correlation length rather than
the system size. We next turn to the scaled limit, where we show that the
critical state is governed by the first Fourier mode and falls within the class of
single-mode-dominated critical states previously identified in the scaled ABC
model. Using the theoretical framework developed for the SABC model, we
then derive the corresponding scaling form of the two-point static correlation
function. A summary of our main results is provided in Table

2 The model

The LH model, illustrated in Figure 2.I] describes a lattice of particles
moving on a fluctuating surface, with the dynamics of the particles and the
surface mutually influencing one another. Its conceptual origin dates back to
the 1970s, when Crowley [28], in a sedimentation experiment, observed that
steel balls settling in turpentine spontaneously formed clusters, even though
they had initially been placed at uniform separations. The theoretical de-
scription proposed at that time omitted key ingredients such as Brownian
motion, elastic interactions, and nonlinearities. Motivated by this, Lahiri and
Ramaswamy introduced what is now known as the LH model [I3] in the late
1990s, mapping the experimental system (characterized by two coupled degrees
of freedom, particle density and an orientation variable) onto two interacting
Ising variables, representing particles and tilt. Besides successfully capturing
the clustering observed in the original experiment, the LH model has since
emerged as a minimal framework for studying systems with mutually coupled
dynamics.

A natural biological setting for coupled dynamics arises in the behavior of
proteins and lipids diffused on cell membranes, where the clustering of par-
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Fig. 2.2 (a) A schematic depicting the local update rules of the Light-Heavy (LH) model.
(b) An illustration of a two-dimensional cross-section of the phase diagram of the uLH model.
This model displays three ordered phases: strong phase separation (SPS); infinitesimal cur-
rent with phase separation (IPS); and finite current with phase separation (FPS). All three
exhibit strong phase separation of particles (i.e., the interfacial region is a few sites wide),
along with varying degrees of tilt separation, which is strongest in SPS and weakest in FPS.
Beside these, there exist a disordered phase and a distinct regime, Fluctuation Dominated
Phase Ordering (FDPO) (b = —b), which separates the ordered and disordered regions. (c)
The corresponding phase diagram of the sLH model in two dimensions, which has a compar-
atively simpler phase structure with three regimes: one with conventional phase separation
of both particles and tilts (i.e., the interfacial region has a finite width), a disordered phase,
and a critical phase that separates the disordered and phase-separated regions. The locus of
this critical phase is shifted from the 8/ = —23 line by an amount § = 2m2D? /(apo(1 — po)).

ticles is tied to membrane fluctuations driven by the actin cytoskeleton [29].
Initial theoretical descriptions [26130] treated the membrane as evolving inde-
pendently, with proteins and lipids merely adapting to the resulting membrane
landscape. Ref [26] predicts macroscopic clusters that are in constant flux, a
hallmark of fluctuating dominated phase ordering (FDPO). However, exper-
iments [31] demonstrate that membrane-associated proteins can themselves
reorganize the cytoskeleton. This suggests that the two species must be mod-
eled as dynamically coupled, as done in the LH model.

As noted in the previous paragraph, the LH model consists of two interact-
ing Ising-type variables. One set corresponds to particles, which can be either
heavy (e) or light (o). The other set represents the local tilt of the surface,
which can point up (/ — oriented at an angle 7/4) or down (\ — oriented at an
angle 37/4). We encode these degrees of freedom using spin variables o and
7, following the convention specified below:

—1 Light o -1 Up /

957 +1 Heavy o Tits T ) 41 Down \

The two species can equivalently be described in terms of their coarse-
grained density fields. These density variables enter the hydrodynamic equa-
tions for the system (see section [5.1)). We denote by p(z,t) and m(z,t) the
fields representing the heavy particles and the down-tilts, respectively.
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It is also useful to note that, in what follows, we will work with the two-
point correlation function

Ca(z) = (Aods) — (V).

In the unscaled model, we will refer to the spin—spin correlation function with
A = o,7 and (\) = 0 (sections 7 following the convention used in ear-
lier FDPO studies. In contrast, for the scaled model derived from fluctuating
hydrodynamics (section |§[), we will use density fields with A = p, m, where
(MY # 0. The two-point correlation functions in the spin and density represen-
tations are simply related by

Colx) = 4(Cy() + p3) — 1.

with an analogous relation holding for the tilt fields.

Microscopically, the particle and tilt variables are placed on two interpen-
etrating sublattices, forming a configuration that can be viewed as particles
sitting on a fluctuating surface as illustrated in Figure The interaction be-
tween the two species is such that the configuration of one species at a given
time step determines how the other evolves in the next time step. The detailed
dynamical update rules are shown in panel a of Figure 2.2

The parameters D, E, F' in the update rules determine the diffusion rates,
whereas a, b, b’ represent the bias rates. We note that if the drift is completely
turned off by setting a = b = b’ = 0, the dynamics decompose into two inde-
pendent Symmetric Simple Exclusion Processes (SSEPs). Hence, the drift term
is precisely what couples the two subsystems, and the ratio of its magnitude
to the diffusion rates dictates the structure of the resulting phase diagram.
Two versions of the model can be considered: the unscaled LH model and the
scaled LH model.

2.1 Unscaled LH model

The unscaled LH (uLLH) model corresponds to the regime in which the
drive and diffusion are of comparable strength, i.e., O(D) ~ O(a,b,t’). In
this limit, the system is far from equilibrium and develops correlations even
at local scales. The resulting phase diagram (Fig. b) features a range of
unconventional phases, such as strong phase separation, FDPO, and others. A
detailed account of this phase diagram is presented in the next section.

2.2 Scaled LH model

By contrast, the scaled LH (sLH) model is defined by rescaling the drift
with the system size so that it becomes weak relative to diffusion, i.e., the
parameters a, b, b’ scale as O(1/L), while the diffusion rates remain O(1). In
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this case, the dynamics are diffusive at local scales, with drift becoming im-
portant only at the scale of the entire system. The system thus lies in a near-
equilibrium regime. The sLH limit exhibits a different, less intricate, phase
structure (Fig. c¢) compared with the uLH model. The phase diagram is
analyzed in detail in section [5.2)

Monte Carlo simulations of this model are carried out by randomly select-
ing a particle and a tilt at each microscopic time step (¢,t + At), and then
updating the state of the species on either side according to the update rules
of the system. Over one unit of time, we perform a number of microscopic
updates equal to the total number of lattice sites, ensuring that, on average,
each particle and each tilt is updated once. We impose periodic boundary con-
ditions, which guarantee a mean slope of zero. Furthermore, each sublattice is
chosen to have an even number of sites.

3 The unscaled regime

As discussed in the previous section, the system is described as being in
the unscaled regime when the drift term is of the same order of magnitude as
the diffusion term. In this situation, the system is driven far from equilibrium
and exhibits a complex phase diagram that is not easily accessible by analyti-
cal methods beyond mean-field theory. Nevertheless, the exact hydrodynamic
equations obtained from the scaled model remain valid at the mean-field level
even in the unscaled regime. A linear stability analysis of these mean-field hy-
drodynamic equations indicates the presence of an order—disorder transition
line at b+ b = 0 in the phase diagram. This analysis is presented in greater
detail in the discussion of the sLH model, where it can be carried out exactly.

3.1 Phase diagram in the unscaled regime

The phase diagram of the uLH model [T4[I617l18], shown in panel b of
Figure contains five distinct phases: three ordered phases, one disordered
phase, and FDPO. As discussed in Section [I[, FDPO exhibits persistent order
despite strong fluctuations, leading to dynamic particle clusters whose size
scales with the system size. Turning now to the three ordered phases: in the
LH model, as in any system obeying Kawasaki dynamics, order is achieved
via phase separation between species. The degree of this phase separation
distinguishes the individual ordered phases. All three are characterized by a
strong separation of particles, with domain walls typically only a few lattice
sites wide, while the surface ordering varies between them. When the tilts are
also strongly separated (a > 0, {b,b > 0}), the system is in the Strong Phase
Separation (SPS) phase. If the tilt degrees of freedom are only very weakly
disordered (a >0, {(b,¥):bb' =0, b+ > 0}), generating an infinitesimal
tilt current, we obtain the Infinitesimal current Phase Separation (IPS) phase.
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Conversely, when there is a significant amount of surface disorder producing
a finite tilt current (@ > 0, {(b,¥') : bV’ < 0, b+ b > 0}), the system is in
the Finite current Phase Separation (FPS) phase.

In the disordered phase (a > 0, {b+ V' < 0}), the system fails to de-
velop any macroscopic clusters: neither particles nor tilts aggregate into large
domains. Instead, it resembles a nearly flat surface with a spatially homo-
geneous mixture of both particle types. Finally, if we choose a < 0, the
phase diagram is simply reflected about the b + b axis: SPS now appears
at (a < 0, {b,b < 0}),IPSat (a <0, {(bd):0b =0, b+ <0}),
FPS at (a <0, {(b,b):00 <0, b+ <0}), and the disordered phase at
(a <0, {b+?d > 0}), while the FDPO phase remains fixed along (b+b = 0).

3.2 Particle-Tilt Duality

The dynamical rules of the LH model, shown in panel a of Figure[2.2] reveal
a symmetry between how particles respond to tilts and how tilts respond to
particles. To make this connection clear, we temporarily ignore the fact that
tilt dynamics involves two bias rates, b and b, encoding a species-dependent
response, whereas particle dynamics depends only on a single bias rate a. This
apparent symmetry between the two types of degrees of freedom hints at an
underlying duality, which becomes explicit through the following mapping:
replace / with e and \ with o. Under this transformation, the rule /o\ = \ o/
is mapped to /o = o/e, and \ o/ = /o is mapped to o\ e = e\ o. From
this correspondence, we infer a duality provided that the bias a is mapped to
—b = —b’. Equivalently, any dynamical behavior of the particles at a = ¢ with
fixed b = b’ = ¢; is exactly reproduced by the tilts when b = V' = —¢y and
a = —cy1. Note, however, that this duality holds only when the tilt bias rates
b and V' are taken to be equal, implying that any mirrored behavior between
particles and tilts is restricted to the a versus b = b’ plane.

3.3 Implications of duality in the phase diagram

An immediate implication of this duality is the possibility of an FDPO
of tilts within the system in a suitable region of the phase diagram, serving
as the dual counterpart to the FDPO of particles. In the a versus b = V'
plane, FDPO of particles occurs along the a # 0 and b = ¥’ = 0 axis. These
parameter values correspond to Edwards—Wilkinson (EW) surface dynamics,
and the FDPO phase that appears there is known to be characterized by
a correlation function with a cusp exponent of 0.5. By duality, this implies
a corresponding FDPO of tilts, also with a cusp exponent of 0.5, along the
a=0and b ="V # 0 axis. This is precisely what we find. Figure |3.1| presents
Monte Carlo data for the tilt-tilt correlation function. In panel (b), which
corresponds to FDPO during the coarsening regime, we find the anticipated
cusp exponent o = 1/z = 0.5, while panel (c) confirms the appropriate scaling
with system size characteristic of the steady state.
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Fig. 3.1 (a) A two-dimensional slice of the phase diagram of the uLH model taken along
the b = V' plane, illustrating FDPO arising from tilts in contrast to that originating from
particles. (b) Spin-spin correlation function of the tilts, Cr(r,t) evaluated at times ¢ =
400 x 2™ (with n = 0,...,6), demonstrating data collapse under rescaling by L(t) = tl/=
with z = 2 (the Edwards—Wilkinson dynamic exponent). (c) Steady-state tilt correlation
function Cr(r) exhibiting collapse when distances are scaled by the system size for L =
64,128,256,512, and 1024. Simulation parameters: a = 0, b = b’ = 0.5.

FDPO of the particles is known to demarcate a strongly phase-separated
(SPS) state of particles and tilts, occurring at (¢ > 0, b = b > 0) and
(a <0, b=10 <0), from a disordered regime at (a > 0, b = b < 0) and
(a <0, b =1V > 0), respectively, in the a—b = V' plane. In a completely
analogous way, the FDPO of the tilts separates SPS at (b =4 > 0, a > 0)
and (b =¥ < 0, a < 0) from the disordered phase at (b = > 0, a < 0)
and (b =V < 0, a > 0), again along the same plane. Since there is no
parameter a’ appearing in the dynamics, the FDPO of particles arising from
Kardar—Parisi-Zhang (KPZ)-type surface dynamics does not admit such a
dual description.

Although the appearance of FDPO of tilts is not surprising since it follows
directly from the symmetries of the dynamics, it is still useful, as it offers
insight into the organization of the phase diagram. To conclude, we stress
that all of our preceding discussion of the phase diagram strictly concerns the
situation in which all bias parameters a, b, b’ are kept unscaled relative to the
diffusion rate.

4 FDPO-like behavior in the disordered phase

In the previous section, we discussed FDPO in both particles and tilts,
which manifests along the critical locus of the uLH model. Here, we move
away from this critical locus and instead focus on the homogeneous regime
of the unscaled model. We will show that within this domain, the system
exhibits FDPO-like behavior on local length scales, closely mirroring systems
displaying conventional critical properties.

Fluctuation-Dominated Phase Ordering, introduced in Section [I} shares a
number of features with conventional critical phenomena, while also exhibiting
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Fig. 4.1 (a) The particle-particle correlation function in the deeply disordered regime
as a function of separation for system sizes 4096 and 8192. Characteristic of disordered
behavior, the results exhibit no dependence on system size, and the two data sets lie on top
of each other. (b) The corresponding data at a point displaying FDPO plotted versus scaled
separation. The collapse of the data demonstrates the system-size scaling associated with
FDPO.

important distinctions. These similarities and differences are reflected in the
behavior of the equal-time two-point correlation function,

Clr) = m? - bss(z)a (4.1)

which serves as a useful probe of the ordering characteristics. The correlation
function exhibits several traits familiar from standard critical behavior, such
as a power-law dependence and singularities, but also departs from it in im-
portant respects. The most significant difference is that FDPO is associated
with system-size-dependent scaling reminiscent of standard phase-ordering ki-
netics, whereas in ordinary criticality one expects scale-free fluctuations that
are independent of system size in the thermodynamic limit. The resemblances
between FDPO and ordinary critical systems naturally prompt the question
of how far this analogy can be pursued.

A well-known characteristic of systems with standard critical behavior is
that hallmarks of criticality persist even when the system is not exactly at the
critical point. In particular, within the homogeneous phase, where correlations
are short-ranged and are typically captured by an exponentially decaying cor-
relation function, certain notable features arise. If we consider a subsystem in
this phase whose linear size is smaller than the correlation length, then any
two particles within this subsystem effectively "fail to notice" that the over-
all system is off criticality. As a result, their behavior is as though the system
were still at the critical point. This manifests itself in the two-point correlation
function as well, such that

r<&. (4.2)
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Fig. 4.2 (a) Phase diagram of the uLH model with markers indicating the locations in
the homogeneous region of phase space that were sampled for data. (b) Data collapse of
the corresponding spin—spin correlation functions after rescaling by the length scale £ for
a system of size L = 4096. The parameters are a = 0.4, b = 0.2, and ¥’ = —0.2, with
A=0,4x1075 6x1075 8x107°% 1074, 3x 1074, 5x 1074, 1073, 3x 1073, 5x
1073, 7x 1073, 9 x 1073,

We seek to determine whether this phenomenon (well known from systems
with conventional critical behavior) also arises in their FDPO counterparts,
using the uLLH model as our case study. Put differently, do subsystems whose
linear size is smaller than the correlation length in the homogeneous phase of
the uLH model exhibit behavior analogous to that characteristic of FDPO?
To explore this issue, we will calculate two-point correlation functions in the
homogeneous phase of the unscaled LH model using Monte Carlo simulations
and investigate whether

C(r)~m3b55<r>a; r<¢ (4.3)

£
with £ replacing L in Eq. holds away from criticality. We begin by com-
paring the behavior of the system at FDPO with a point sufficiently far into the
homogeneous regime (Figure . Panel a shows that, well into the disordered
regime, the correlation function decays in a purely exponential manner with
a correlation length that does not depend on the system size. By comparison,
panel b illustrates the FDPO regime, where the correlations clearly scale with
the system size and display a distinct cusp singularity as /L — 0. Our goal
is to show that, upon moving away from FDPO into the disordered phase, the
system nevertheless exhibits FDPO-like behavior within each length scale &.
To this end, we adjust the parameters to lie sufficiently close to the critical line
so that the correlation length becomes large, while still maintaining ¢ < L,
allowing the system to display potentially interesting, critical-like features.
The most straightforward way to extract the correlation length £ is to
rescale the off-critical data so that it collapses onto the master curve obtained
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Fig. 4.3 (a) The correlation length £, obtained from the spin-spin correlation functions
displayed in Fig. for L = 4096 (together with analogous data for L = 8192 and L = 2048),
is shown as a function of the distance A from FDPO. Away from FDPO, ¢ exhibits power-
law behavior, £ ~ A" with an exponent v = 0.8. Consequently, as the system is tuned
closer to FDPO (A — 0), the correlation length increases algebraically until it becomes of
the order of the system size, at which point its further growth is suppressed by finite-size
effects and it saturates at £ ~ L. (b) The corresponding correlation functions are rescaled
according to Eq. , producing a data collapse consistent with the expected scaling form.
Note: the values of rg used to assess the scaling form are chosen such that rog — oo, L — oo,
but ro/L — 0.

at FDPO from systems of different sizes (see Figure 7 taking the required
scaling factors as the respective values of £. This strategy, however, works
reliably only close to the critical line where & ~ L. Deeper in the off-critical
regime (¢ < L), the intercept m? develops an explicit dependence on &. This
is analogous to the finite-size behavior at FDPO, where m? is L-dependent,
so the data collapse becomes less accurate near the origin for smaller systems.

A second strategy is to perform direct fits using Eq. . This can serve
either as a consistency check on the £ values inferred from the data collapse
or as an alternative procedure in which ¢ is fitted simultaneously with m? and
bss. The core difficulty is that the prefactor bss can absorb any unknown pro-
portionality constants. As a result, the fit can accommodate several different
choices of £, so the extracted values are never uniquely fixed. On top of this,
Eq. is expected to be asymptotically valid only in the limit r/£ — 0 with
r — oo and £ — oo. For larger /£, one anticipates corrections to Eq. ,
as expected even for FDPO.

In summary, neither method (whether relying on a scaling collapse that
is checked by a fit or treating ¢ as an adjustable parameter within the fit)
provides a strict, standalone determination of the correlation length. A more
robust approach would be to avoid the ambiguities associated with a non-
independent ¢ altogether and instead work with a parameter intrinsic to the
system that does not require explicit determination. Such a natural parameter
in this problem is A, defined as the distance in parameter space from the
critical locus. We can therefore reformulate the problem as follows. Consider
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again Eq. (4.3). For a given separation rg, it effectively states that

mg _ C(T‘o) 5704’ &KL (A > AC),

> ~9N (4.4)
r
0 E) 5 ~ L (A < AC)?
where A. denotes the crossover scale. Assuming
£na, (4.5)

the crossover point A. follows from the condition L ~ £ at A.. At a distance
A from the FDPO regime, we can then propose

m?2 — C(ro) —Lf A
g Lot \ A,

- L),

where f is the scaling function. In this context, v can be obtained either by
examining how the proposed ¢ varies with A in the regime A > A, (Fig-
ure a) or through a trial-and-error approach to identify the value that
produces the best data collapse. We used v = 0.8, a = 0.25, and m? = 0.88
to produce the data collapse shown in Figure Equation is expected
to be valid for those r¢ such that r/L — 0, with r9 — oo and L — co. The
outcomes of this analysis are shown in Figure b.

This collapse of correlation functions in the homogeneous phase when dis-
tances are rescaled by an appropriate characteristic length implies that FDPO
phenomenology can also appear locally within the disordered phase on length
scales smaller than £. In this regime, subsystems of size £ behave as if at the
FDPO point: the correlation function has a cusp singularity and obeys the
FDPO scaling form, even though the full system is globally disordered and
shows exponentially decaying correlations at larger distances. This parallels
conventional critical phenomena, where subsystems smaller than the correla-
tion length are insensitive to deviations from criticality. Our findings apply to
one particular trajectory approaching FDPO, in which the surface fluctuations
follow KPZ dynamics. It remains to analyze the neighborhood of the critical
point controlled by EW-type surface fluctuations, as well as other trajectories
that approach criticality governed by KPZ-type behavior. The above results,
in particular the plot shown in panel (a) of Figure also have implications
for the nature of the transition at FDPO. It demonstrates that, as FDPO is
approached, the system exhibits a diverging correlation length. Taken together
with the observation that the order parameter (namely, the first Fourier mode
of the particle density) undergoes a discontinuous jump at the transition from
the disordered phase to the ordered phases (with SPS, IPS, and FPS all be-
ing strongly phase-separated in terms of particle distribution), this indicates
that the disorder—order transition associated with FDPO in the LH model is
of mixed order. Taken together with the earlier findings for the Truncated
Inverse-Square Distance Ising (TIDSI) model [22], this leads to the suggestion
that FDPO may generally correspond to a mixed-order transition.

(4.6)
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5 Beyond the unscaled regime

So far, our analysis has focused exclusively on the unscaled model, in which
the drive and diffusion are of the same order. We now turn to regimes beyond
this setting. In particular, we consider cases where the bias parameters are
reduced relative to the diffusion rate. When the drive rates scale as O(1/L)
in comparison to the diffusion rates, we arrive at the scaled model. In what
follows, we summarize the known results for the fluctuating hydrodynamics
and phase diagram of this model.

5.1 Fluctuating hydrodynamics of the scaled model

Within this scaled setting, since the bias is of order O(1/L) compared to
the diffusion rates, the system appears effectively diffusive when observed on
local spatial scales. This near-equilibrium character of the scaled Light—-Heavy
model permits an exact analytical treatment. This is because diffusion dom-
inates up to certain characteristic length scales in the system, which in turn
allows one to factorize correlators up to this scale while coarse-graining. In the
scaled limit, this factorization remains exact to first order in inverse system
size. The same set of equations derived from this correlator factorization can
also be applied to the unscaled model; however, in that case, they are valid
only at the level of a mean-field approximation. Exploiting this, we can derive
the long-time, large-scale evolution of locally conserved quantities, such as the
local particle and tilt densities in the model, which govern the hydrodynamic
behavior of the system. Because of these conservation laws, long-wavelength
modes relax slowly, and their dynamics are largely insensitive to microscopic
details. Thus, starting from the microscopic lattice dynamics, one can reformu-
late the evolution of the system in terms of coarse-grained density fields that
vary smoothly in space and time. This hydrodynamic description is strictly
accurate only in the limit of an infinite system size. For finite systems, one
must supplement the hydrodynamic equations with a stochastic noise term,
leading to a fluctuating hydrodynamic description that faithfully captures the
behavior of the system.

The fluctuating hydrodynamics of a lattice system can be systematically de-
rived from the microscopic model using methods such as the Lefevre-Biroli
approach [321[33], which is formally equivalent to the Doi—Peliti formalism [34]
35136]. In this framework, one begins with the microscopic local update rules
and constructs a path-integral representation to obtain the fluctuating hydro-
dynamic theory. For a system evolving between prescribed initial and final
configurations, there exist many possible trajectories in configuration space,
each occurring with a different probability. The local update rules fix the
weight of each such trajectory. Using these rules, one can express the proba-
bility of observing a given history of particle and tilt configurations as a path
integral. The associated large-deviation functional coincides with the one ob-
tained via Macroscopic Fluctuation Theory (MFT), starting directly from the
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fluctuating hydrodynamic equations. This equivalence makes it possible to de-
rive the fluctuating hydrodynamics of the system directly from its microscopic
dynamics.

The exactness of these equations relies on the existence of local equilibrium in
the system. This requirement is met in equilibrium models such as the Symmet-
ric Simple Exclusion Process (SSEP). In driven systems like the Asymmetric
Simple Exclusion Process (ASEP), local equilibrium is generally not assured,
except possibly at special points in parameter space where some compensating
mechanism of configuration currents (such as pairwise balance) holds. When
the drive is instead scaled as O(1/L), as in the Weakly Asymmetric Sim-
ple Exclusion Process (WASEP) and the sLH model, the dynamics become
diffusive at coarse-grained scales. In this weak-drive regime, the fluctuating
hydrodynamic description derived by this method is asymptotically exact, up
to corrections of order O(1/L). The corresponding fluctuating hydrodynamic
equations for the sSLH model obtained in this way [12] are,

X 2 x a x,t
2et) — pZAED L D ap(an)(1 - plo )1~ 2 )| + L,
m(x ’m(z m\ T,

0 ét’t) _p? 852’t)+88${2m(z,t)(1m(z,t))((ﬂwLﬂ/)p(x,t),3')}+877a(xt),
(5.1)

where p(z,t) and m(x,t) denote the coarse-grained density fields of the heavy
particle and the down-tilt, respectively, as discussed earlier. The noise corre-
lations are given by

_ 2Dpla (1= pla,))

S(x —ax)o(t —t'),

e AL}

(p (@, t)nm (', ) = 0. (5:2)

Here «, 3, and 3’ are the rescaled bias rates, given by a = aL, 8 = bL, and
B =V L and we have set D = F = F. A linear stability analysis of Eq. (5.1)
leads to

<77p(x7 t)np($'7 t/)>

k2 D?
alB+p)= —2— 5.3
B+5) 2po(1 = po) (53)
where pg is the global density is the heavy particles and k,, = 27n represents
the n-th Fourier mode. From Eq. (5.3)), one readily sees that the instability in

the scaled model first sets in at the lowest mode, n = 1, which gives
212 D?
po(1 = po)’

as the phase boundary separating the disordered and ordered regimes in the
sLH model. The relation in Eq. likewise applies at the mean-field level
for the uLH model, where it implies that b+ = 0 (L — oo) marks the
transition between the ordered and disordered phases in the unscaled model.

a(f+p)= (5.4)
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5.2 Phase diagram of the scaled LH model

In contrast to the unscaled model, which exhibits a variety of exotic phases,
the scaled model yields a comparatively simple phase diagram. It contains
three distinct phases: an ordered phase, a disordered phase, and a critical
phase located along the line specified by Eq. (5.4). In the sLH model, the
ordered phase is characterized by phase separation with finite-width interfaces,
which differs from the behavior observed in the uLH model. The second is a
disordered phase which, although qualitatively similar to that of the uLH
model, is more amenable to analytical treatment due to the near-equilibrium
nature of the scaled system. The third is a critical phase that has not yet
been fully characterized; it lies between the ordered and disordered phases
and constitutes one of the main focuses of this study. This critical phase will
be examined in detail in a later section. The corresponding phase diagram for
the sLH model is shown in panel ¢ of Figure

6 Critical behavior - from unscaled to scaled

The uLH model, as described in the previous sections, exhibits FDPO
along the critical surface, whereas the critical phase in the scaled model has
not yet been fully characterized. Linear stability analysis allows us to esti-
mate the location of this surface, but its precise nature is still unclear. When
we compute the usual one-point and two-point functions employed to char-
acterize a phase as FDPO, they instead reveal a different type of behavior.
Indeed, the replacement of FDPO by a different kind of behavior when sys-
tem parameters are varied is not unprecedented; it has already been observed
in the TIDSI model [22[37]. The TIDSI model is an Ising system with long-
range interactions that act only within domains of like spins. There, it has
been demonstrated that the critical behavior crosses over from FDPO to a
more conventional power-law—correlated regime as temperature and coupling
strength are tuned. In our case, we similarly observe the disappearance of
FDPO when the drive is adjusted relative to the diffusion rates.

To gain a clearer understanding of the critical phase in the scaled model,
we analyze the Fourier modes (one-point function) of the system, defined as

L
Qn = %Z HTUJem"J , K = %Tn (6.1)

Jj=1
In the FDPO regime, it has been demonstrated that the dynamics are driven by
multiple modes, with a subset of them remaining finite in the thermodynamic
limit. In real space, this manifests as dynamically evolving clusters whose size
is comparable to the system size, and as a two-point correlation function of
O(1) that scales with system size and exhibits a cusp singularity. It has also
been shown that the Fourier modes of the unscaled model display a non-trivial

scaling behavior [I1],

Qn ~ LY (n/L), (6.2)
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Fig. 6.1 (a) Fourier mode of heavy particle density, @, as a function of n in the uLH
model. The modes are known to follow the scaling form Q,r ~ L~?Y(n/L) [II]. This
figure simply serves as a reminder of this well-established result, so that we can compare
it with the behavior in the scaled model. Parameters used are a = 0.4,b = 0.2, = —0.2.
(b) Corresponding plot in the sLH model at a = 7/v/2, 8 = ' = ©v/2. The plot indicates
that all modes except n = 1 decay as 1/\@ in the thermodynamic limit, whereas the n = 1
mode (inset) varies slowly, scaling as 1/+v/L.

where Y denotes the corresponding scaling function and the exponent ¢ takes
the values 2/3 (EW) and 3/5 (KPZ) in the uLH model. We contrast this with
the scaled model (Figure b), which features a comparatively simpler mode
structure. In this case, no mode remains finite in the thermodynamic limit.
The first mode, however, decays more slowly with system size, scaling as Q1 ~
1/V/L, whereas the higher modes decay more rapidly as Q,, ~ 1/VL (n # 1).

We can infer the corresponding behavior in real space for the scaled model
from the behavior of the modes. Because the dynamics are essentially governed
by a single dominant mode, the formation of macroscopic clusters of fluctuating
size does not appear to be possible in the scaled model. Moreover, the fact
that the first mode decreases with increasing system size implies that the
correlations will no longer be of O(1) magnitude; instead, their strength will
diminish with system size. This is precisely what we find: Figure [7.1] shows the
two-point correlation function of the system at a critical point in the scaled
model. We find that the correlation strength diminishes in proportion to the
system size.

This type of critical behavior, controlled by a single mode, is already known
from the sSABC model. There, an anomalous long-range correlation function
decaying as 1/ V'L was found. Since our results follow the same trend, we seek
to provide an analytical description of this correlation function in the following
section using the same method that was employed for the sSABC model.
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Fig. 7.1 (a) Connected density—density correlations of particles at a point on the critical
surface of the scaled LH model. The separation between points scales with system size, while
the correlation magnitude decays as 1/\@ As the system size increases, the data approach
the theoretical prediction in Eq. . (b) The corresponding tilt—tilt correlations likewise
agree with the theoretical form for tilts in Eq. (7.33). Panels (a) and (b) are shown for a
system with particle density fixed at po = 0.25. (¢) To examine Eq. (7.33) as a function of
po, we compare its predicted amplitude, (v/LC(0)), with numerical simulation results. In the
simulations, the on-site correlation C'(0) contains a short-range local contribution in addition
to the regular long-range part described by the continuum theory, which complicates a direct
comparison. However, since the theoretical form C(r) « cos(r/L) is essentially constant
in the limit r/L — 0, the nearest-neighbor correlation C(1) serves as a good proxy for
the regular amplitude. We therefore compare the theoretical (v/LC(0)) with the simulated
(VLC(1)). (d) Analogous plot for the tilt correlations. The parameters used are a = 7/+/2
and 8 = B = 7V2.

7 Critical behavior in the scaled Light-Heavy model
7.1 Two-point correlation function

As established in the previous sections, the critical behavior of the scaled
model is governed almost entirely by the first Fourier mode. It is therefore an
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excellent approximation to truncate the Fourier expansion of the local densities
at the first mode as

p(x,t) = po + R1(t)e®™ + R;(t)e "™, (7.1)
m(x,t) = mo + My (t)e*™ + My (t)e ™. (7.2)

Here, R, is connected to @, in Eq. (6.1) through the straightforward relation
Qr = |Ry|. The corresponding steady-state two-point correlation function can
thus be expressed as

(p(x)p(x)) = p§ = <(po + RPe?™ 4 ( Rﬁs)*e—ﬂ’m)

(7.3)
% <p0 + Risei%rm' + (RiS)*e—iQTrz/>> _ p%
for the heavy particles, and an analogous expression holds for the down tilts.
Evaluating the two-point correlations of the system at criticality therefore
reduces to determining the long-time behavior of Ry (t) and M;(t) and then
substituting these results into Eq. to obtain the correlation function. We
will show that, in the steady state, the fluctuating hydrodynamic description of
the system predicts that R$®, M7® ~ L~1/% which in turn leads to a connected
correlation function scaling as 1/v/L. This behavior is consistent with the
numerical results obtained in the previous section. A detailed derivation of
the correlation function, following the corresponding procedure used in the
sABC model [5], is presented below.
We begin with the expansion of the density fields in the Fourier basis:

plx,t) = po + Ry (t)eiQﬂ'm +R: (t)e—z?mc + RQ(t)eiALms + R} (t)e_i47m
+ R3(t)e™™ + Ri(t)e ™" + ... |

m(x’ t) =mg + ]\4—1 (t)ei%rm 4 Mik (t)e—iQTrw 4 1\42 (t)ei47rw + MZ* (t)e—i47rz
+ M3 (t)e’®™ + M3 (t)e ™ 4 ... (7.4)
Recall that, due to the net zero tilt condition imposed at the outset, the global
density of down tilts satisfies mg = 1/2 for our system. We will substitute
this value later on. Starting from the fluctuating hydrodynamic description of

the system given in Eq. (5.1), the deterministic expressions for the currents
associated with these density fields are

Jp(@,t) = =Dyp(x,t) + 2a p(x,t)[1 — p(z, t)] [2m(z, t) — 1],
jm (2, t) = =DOym(x,t) + 2B m(z,t)[1 — m(z, )] [1 — 2p(x,t)], (7.5)

when 8 = ’. We adopt the assumption 8 = ' in order to simplify the
analysis. As a result, the conclusions drawn from Eq. are valid only
on this subspace and should be interpreted as representative of the behavior
in the scaled limit, rather than as fully general. On this plane, we may write
B = 8/ = ca, with ¢ a constant. Since our goal is to use Eq. to characterize
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the behavior of Ry (t) and M;(t) at and close to the critical point, we can recast
the system of equations as

Jp = —D0yp(x,t) + 20 (1 +7) p(z, 1) [1 — p(z,t)] [2m(x, t) — 1],
Jm = *Darm(xv t) + QQC(l + 7) cm(aj, t) [1 - m(‘T? t)] [1 - 2p(x, t)]a (76)

where . denotes the critical-point value predicted by the linear stability
analysis in Eq. , which yields a. = wD/+/cpo(1 — pg) upon imposing
B = B’ = ca. The parameter 7 < 1 measures the deviation from criticality,
with v > 0 indicating the ordered phase.

Since both the total number of particles and tilts are conserved in our
system, the currents j,(z,t) and j,,(z,t) in Eq. must, of course, obey
the continuity equation, which reads

b — —Oi _(P s (Jp
oo—-oio=(1). i=(1). &
Expanding Eq. (7.7)) using Eq. (7.4]), we obtain

1 7 . T ..
v 7R2€147TI _ 7R§6 idmx
2m 4 4

Ry — L pgemome (7.8)

Jp(:t) = Jpo + %Rleﬂ” — —Rje 2 4

i
67
and an analogous expression for the tilt field m(z,t). By expanding Eq.
in a similar manner, one can derive an alternative expression for the cur-
rents corresponding to the two density fields. Matching the two expressions
after projecting them onto individual modes leads to equations of the form
R; = F(po, R1, Ry, ...). Solving this system of equations in full generality
would be extremely difficult were it not for the fact that the first mode be-
comes dominant at criticality. This allows us to neglect higher-order modes
and obtain a much more manageable set of differential equations for R; and
M;. In doing so, one must carefully consider the relative magnitudes of the
various terms to ensure that the resulting approximations for Ry (7) and M (7)
are as accurate as possible.

The dominance of the first mode over higher modes implies pg < Ry <
Ry 3.4,..., and similarly for the tilt field. Furthermore, proximity to the critical
point justifies assuming critical slowing down, which implies R; < R (and
similarly M; < M). This leads to two important consequences. First, when
explicitly writing the equation for Ry, the terms involving po and Ry, M;
cancel each other, leaving only a small correction term that contributes to
Ri1. Second, the mode immediately adjacent to the first one, namely R,, may
influence R;, which motivates describing its dynamics relative to R;. Both
issues can be addressed by considering only the leading-order behavior of the
projections onto the first and second modes, respectively.

By projecting Eqgs. and onto the first Fourier mode and keeping
only leading-order contributions, we obtain

2DTR (1) =~ 9py(1 — po)My(t) + O(ME(E),  (7.9)
cpo(1 = po)

_|_
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M (t) = [i‘ /le[)(lc_po)} Ri(t) + e, (7.10)

where € represents a correction term accounting for the omission of higher-
order modes.

To determine the leading-order behavior of the second-mode amplitude
relative to the first mode, we follow the same procedure by projecting onto
the second mode. This yields

which reduces to

cpo(1 = po)
irDM, () = —m2VE [(2/)0 S MR — S Ra(0)]
po(1 = po) 2 1)
7.11
from which we can solve for
_[@ =) =2po) | 0
falt) = [ 6p0(1 — po) ] i), 712)
i(1—c)(1—2 c ’

With these results available, one can analyze the next-to-leading-order behav-
ior of the equations projected onto the first mode:
%Rl (t) = ZQﬂ'D"}’Rl (t)
2D 2 2 *
+ —  2p0(1 — po)e — 4| Ra (DM (1) — 2R3 () M (1)
cpo(1 — po)

+2(1 = 2p0) R (1) M7 (1) +2(1 — 200) Ma () R3 (1),

%Ml(t) = 2 Dy M, (t)
2D [—i\/cpo(l ~ po) € + 4c| My (1) 2Ry (t) + 2eM2(H)RE(¢)
cpo(1 = po)
— 20(1 = 200) Ma(£) M (1)].
(7.13)

However, the above equations contain the unknown correction term e. This
term can be eliminated by taking the linear combination

u [@I3)(a) + v @I (D). (7.14)
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where u = iy/cpo(1l — pg) and v = 2pg(1 — pg). This yields

X (t) =4r*D(y — fx(c, po)| X (1)]*) X (¢), X =Ry, My, (7.15)

Ne,po) = (2¢2 — c+2)(2p0 — 1)* +6(1 + ¢)po(1 — po), (7.16)
i) = s (.17)
fa (e po) = M- (7.18)

Up to this point, we have considered only the deterministic current specified in
Eq. . However, in finite systems there is an extra contribution originating
from the noise fields, as indicated by Eq. , which describes the evolution of
the density fields. We now add the noise term from Eq. to our expressions
for the current and expand it using Eq. (7.4). The leading-order contribution of
the projection of these current expressions onto the first mode is not affected by
the corresponding projected noise term, which scales as pg/ VL. Consequently,
Eq. remain valid even after including the noise fields n,(x, t) and ., (z, t).

The situation is different for the next-to-leading-order behavior of the
projected current equations in the first mode, given in Eq. , where
the relevant terms are of much smaller order and must therefore be cor-
rected by adding the term Y4 () = fol dx e ™y, (2, t). In contrast to
the leading-order terms in the first-mode current projections, the leading-
terms in the expressions projected onto the second mode are smaller in mag-
nitude and hence require explicit inclusion of the noise contribution XE,QJ)n (t) =

fol dx ey, . (x,t), which modifies Eq. (7.11).

However, our use of Eq. is restricted to determining R (t) and Ma(t),
which are then substituted into Eq. to solve for Ry (t). In Eq. 7 the
quantities Ry and My appear only in products with R} or M;. Consequently,
the Xg)n(x, t) term entering the modified form of Eq. is much smaller
than the already present X%(z, t) contribution and can safely be neglected.
Therefore, we do not actually need to modify Eq. to incorporate noise
effects.

In summary, to account for the noise terms that appear in the expressions
of the current for finite systems, it suffices to insert the appropriate noise

term, xggn(x,t), into Eq. , with its correlator <X§}2,L (?)x;y(,})(i")) given
by Eq. (5.2), while (X,(jzn(?)xpl}n(?’» = 0. Applying the same linear combi-
nation specified in Eq. to the noise terms X, m,(7), as was previously
carried out for the deterministic expression in the analysis, then leads to

DX (1) = 47T2D<7 — fx(e, po>X<t>|2>X<t> P20 (7
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where the correlations of the fields u(x,t) are given by

G, (), (1)) = 272 D o (1= po) o2~ 1),
Guan O, @) = T2 (0 0y st — 1), (7.20)

Eq. (7.19) can be cast into a much simpler form by introducing the rescaled
variables

Ry (t) = th (C, po)g(%)v
M (t) = hat, (¢, po)g(T), (7.21)
along with
S 2N (e po) 1+c t
T D\/3P0(1 —po) ¢ VI’ (7.22)
__ |24po(1—po) ¢
V= TN Tie VL 7, (7.23)
where,
c)pa(1 = po
hg, (c, po) = </6(1 ::FAf)éO(,)O)Lp )37 (7.24)
B, (¢, po) = \/ 30(1;;;2 S 0;01)2 P 0), (7.25)

with A (c, pg) defined in Eq (7.16). Under these transformations Eq. (7.19)
reduces to the overdamped Langevin equation

079(7) = (7 = l9(D)?) 9(7) + u(7), (7.26)
where
(WP (7)) = 37— 7).
Eq. (7.26) can be rewritten as a Fokker—Planck equation governing the dynam-

ics of the rescaled variable g(7) in the complex plane. The probability density
P(gz,9y,7) then satisfies

_ 71 2 _5)\p2 1 L 2
0-P = rar |:(’I‘ reP + 41"8TP} + 12 03 P, (7.27)

where r = (gz,gy), With 7 = /g2 + g2 and 0 = arctan (%), closely follow-

ing what was observed in the sSABC model [6]. The corresponding stationary
solution of Eq. ([7.27)) is rotationally invariant in the complex plane and reads

Pu(r,7) = 277 7" (7.28)
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As a consequence, we obtain
(R1) = (R}) = (R}) = ((R})*) = 0, (7.29)

and the same relations hold for M;. The connected two-point functions there-
fore simplify to

(p(x)p(a")) = po = 2(|Ru(tec) ) cos(2m(z — ")), (7.30)
with an analogous form for m(x), where
(X (t0)[*) = h% (¢, po) (|9 (7o) *). (7.31)
Evaluating (|g(t)|?) [5]], we find
oo 3 2yr?—rt dr 1 67:72
to)2) = 2o T — 54— =1(7), 7.32
o)) = gy =7+ g gy =1 ()

which, at the critical point 4 = 0, yields for the correlation functions

(p()n(a')) = 48 = —= B (e o) cos 2z — ).

% 3y, (e, po) cos(2m(z — '), (7.33)
where hpr, and hp, are defined in Egs. and . Thus, in the scaled
model, the correlations are dominated by the first Fourier mode and conse-
quently acquire a cosine-like form. This is in stark contrast to the cusp-like
correlations characteristic of FDPO. In FDPO, the cusp exponent can be esti-
mated using the Independent Interval Approximation (IIA), when the cluster
size distribution follows a power-law form. We now examine how this picture
changes in the scaled model by studying its cluster size distribution and ap-
plying the ITA framework.

(m(z)m(z)) —mj

7.2 Cluster size distribution

The scaled LH model exhibits an exponential cluster size distribution along
the critical surface (see Fig.[7.2|a). This differs fundamentally from the power-
law distribution observed in FDPO, where the ITA can be used to compute
the exponent appearing in the correlation function [I0,22]. Applying the same
approach here, using the numerically observed distribution

P(l) ~ %e—l/@“,

a naive ITA calculation would predict correlations of the form
C(r) ~ e /¢,

However, this prediction disagrees with both our analytical results and simu-
lations. The failure arises because the assumptions underlying the ITA break
down in the scaled model: cluster sizes can no longer be treated as independent,
uncorrelated random intervals, as they are in the unscaled model.
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Fig. 7.2 (a) At criticality, the cluster size distribution in the scaled LH model follows an
exponential form. The parameters used are o = 7/v/2, 8 = 8/ = /2. (b) The connected
density-density correlation function of particles in the phase-separated regime decays lin-
early, in agreement with Porod’s law, after an initial plateau region that scales with L,
which arises due to the presence of broad interfaces. The insets display the corresponding
spin configuration of the particles, highlighting the broadened interface. The parameters
used are a = B = 8’ = 15.

8 Ordered phase and Porod law

One of the most striking features of FDPO is that, although it is considered
a critical state, it nevertheless exhibits several properties in common with
standard phase-ordering systems. During coarsening, the characteristic length
scale increases as t'/%, and in the steady state it is determined by the system
size L. In contrast to conventional phase ordering, however, FDPO violates
Porod’s law: rather than showing a linear decay of C(r) for £ < r < L, the
correlation function develops a cusp singularity. This immediately raises the
question of whether the breakdown of Porod’s law is specific to FDPO, or if
it also appears in the truly phase-separated states of the same model. In this
section, we address this issue by analyzing the correlation function within the
phase-separated regimes.

In the case of the strong phase separation seen in the unscaled model,
compliance with Porod’s law is fairly straightforward to anticipate. This is less
evident, however, in the phase-separated regime of the scaled model, where one
would instead expect relatively broad interfaces. Nevertheless, the system does
obey Porod’s law (see Fig. b), but only outside a core region, marked by
the dashed line in the correlation plot, beyond which the correlation function
exhibits a linear decay. We have also examined the coarse-grained density
profiles in real space to support this interpretation; this is further suggested by
the real-space configurations (shown in the inset of Fig. b), which indicate
that the interfacial region itself scales with L. Such an L-dependent interfacial
width can be naturally understood using the hydrodynamic description of the
model given in Eq. (5.1)).
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9 Discussion

In this work, we investigated the critical and near-critical behavior of the
Light-Heavy (LH) model. In the unscaled LH (uLH) model, the critical behav-
ior is governed by Fluctuation-Dominated Phase Ordering (FDPO), which is
characterized by macroscopic long-range correlations. We demonstrated that
the homogeneous regime in the vicinity of this critical surface retains distinct
local signatures of FDPO. Specifically, well-defined local domains emerge, gov-
erned by a correlation length that depends directly on the distance from the
critical surface. Within this length scale, the system effectively mimics FDPO
behavior, remaining insensitive to the fact that the system is globally in the
off-critical homogeneous phase. This spatial insensitivity closely mirrors the
role of the correlation length in conventional critical phenomena. To formalize
this local FDPO phenomenon, we introduced a unified scaling function that
successfully interpolates the two-point correlation functions across both the
critical and off-critical regimes.

We subsequently extended our analysis to the scaled limit, where the drive
parameter scales as 1/L. This weakly driven regime yields an effectively dif-
fusive macroscopic limit, which facilitates rigorous analytical treatment while
still maintaining a remarkably rich near-equilibrium phase diagram. Focus-
ing on the critical phase of this scaled model, we conclusively identified it as
non-FDPO. Unlike the multi-mode structure typical of FDPO in the unscaled
limit, a single long-wavelength Fourier mode controls the critical fluctuations,
drawing strong parallels to the behavior observed in the scaled ABC (sABC)
model. While this phase preserves the system size scaling of the separation seen
in FDPO two-point correlations, its amplitude vanishes in the thermodynamic
limit, scaling as L~/2. This single-mode dominance drastically simplifies the
underlying dynamics, enabling us to derive an exact analytical description of
the first Fourier mode in the steady state. This derivation directly yields the
functional form of the two-point correlation function, which we confirmed to
be in excellent agreement with extensive Monte Carlo simulations. These con-
trasting behaviors between the unscaled and scaled limits highlight the delicate
balance between diffusive relaxation and driven transport, offering a broader
perspective on fluctuation-dominated ordering in nonequilibrium systems.
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